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COGNITIVE FOUNDATIONS OF PROBABILITY 

ITZHAK GILBOA AND DAVID SCHMEIDLER 

Prediction is based on past cases. We assume that a predictor can rank eventualities according 
to their plausibility given any memory that consists of repetitions of past cases. In a companion 
paper, we show that under mild consistency requirements, these rankings can be represented by 
numerical functions, such that the function corresponding to each eventuality is linear in the number 
of case repetitions. In this paper we extend the analysis to rankings of events. Our main result is 
that a cancellation condition a la de Finetti implies that these functions are additive with respect 
to union of disjoint sets. If the set of past cases coincides with the set of possible eventualities, 
natural conditions are equivalent to ranking events by their empirical frequencies. More generally, 
our results may describe how individuals form probabilistic beliefs given cases that are only partially 
pertinent to the prediction problem at hand, and how this subjective measure of pertinence can be 
derived from likelihood rankings. 

1. Introduction. The Bayesian approach holds that, when facing uncertainty, one 
should form a prior and, given new information, update it according to Bayes rule. It relies 
on sound axiomatic foundations: Ramsey (1931), de Finetti (1937), and Savage (1954) argue 
that Bayesian expected utility maximization is the only normatively acceptable decision 
rule, and that in-principle-observable preferences can uniquely define a prior. Probabilities 
have also been axiomatically derived from qualitative plausibility judgments, where the lat- 
ter are modeled as binary relations (see Kraft et al. 1959, Krantz et al. 1971, Fine 1973, 
Fishbur 1986) or as propositions (see Fagin et al. 1990, Fagin and Halpern 1994, Aumann 
1995, Heifetz and Mongin 1999). (The idea of postulating qualitative probabilities as a basis 
for numeric probabilities originates with de Finetti and constitutes a main step in Savage's 
derivation of subjective probabilities.) But these axiomatic derivations do not explicitly 
model the information based on which a prior is formed. Further, they do not attempt to 
provide an account of this cognitive process. Thus, the axiomatizations of Bayesian beliefs 
and of Bayesian expected utility maximization may convince one that one would like to be 
Bayesian, but they do not provide the self-help tools that are needed to become a practising 
Bayesian. 

The goal of this paper is to model explicitly the link between factual knowledge and 
derived beliefs. A special case of such a model should be a frequentist approach: When 
observing an experiment that is repeated under (seemingly) identical conditions, one may 
use past empirical frequencies as probabilities of future occurrences. But we also wish to 
discuss situations that are not repeated under precisely the same conditions. For instance, a 
physician encounters a new patient who is not identical to any past patient she has treated, 
but may be similar to some. How is she to form a prior probability over the outcome of 
various treatments? 

In a companion paper (Gilboa and Schmeidler 1999) we suggest and axiomatize a rule 
for ranking of possible eventualities: Each past case c and each possible eventuality x are 
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assigned a number v(x, c), and, given a collection of cases M, eventuality x is considered 
more likely than eventuality y if and only if 

v(x, c) > E v(y, c). 
ceM cEM 

This rule can be viewed as a description of a cognitive process by which the predictor 
decides which of two eventualities is more likely, but it falls short of generating a prior 
over all possible events. It does not assume that the eventualities have any logical or alge- 
braic structure. Further, the axiomatic derivation demands that, for every four eventualities, 
every permutation is a possible ranking (for an appropriately chosen M). This condition is 
counterintuitive if eventualities are endowed with some additional structure. Specifically, if 
y is logically derived from x, one cannot expect x to be strictly more likely than y. 

In this paper we deal with the case in which the objects of the likelihood rankings are 
events in a given algebra. We first show how, in this set-up, one may appropriately weaken 
the axioms of Gilboa and Schmeidler (1999) to obtain a result for the ranking of pairs 
events, none of which is included in the other. We then proceed to impose an additional 
condition of event cancellation a la de Finetti. Our main result is that this condition is 
equivalent to the condition that the functions v(., c), for each case c, are additive with 
respect to the union of disjoint sets. It therefore describes the way that a predictor who is 
committed to this cancellation condition may form probabilistic beliefs over events given 
any possible memory. 

We then proceed to test our model in the benchmark example of frequentism. That is, 
we assume that each case observed in the past can only be one of the possible eventualities 
in the problem at hand. Under this structural assumption it is natural to state two additional 

assumptions on plausibility rankings, which are shown to be equivalent to frequentism, 
namely, to ranking events by their empirical frequencies. 

While it is reassuring to know that frequentism is a special case of our model, we consider 
it a conceptually simple problem. The more interesting problems, as in the example of the 

physician above, are those in which each past case is pertinent to the present problem to a 
certain subjective degree. Our results show how one may form probabilistic beliefs based 
on partially relevant information. Conversely, they also show how qualitative "at least as 

plausible as" comparisons may be used to elicit the subjective similarity judgments, and 
when these can be assumed additive with respect to set union. 

The rest of this paper is organized as follows. Section 2 contains the main results. Sub- 
section 2.1 quotes relevant results from a companion paper. Subsection 2.2 adapts the rep- 
resentation result to an algebra of events, while ?2.3 contains the result about additivity of 
the set functions v(-, c). Section 3 deals with the situation in which the set of past cases 
coincides with the set of possible eventualities and shows how frequentism then follows as 
a special case of our approach. Finally, an appendix contains all proofs. 

2. Main results. 

2.1. States. In this subsection we describe a result that is proven in a companion paper, 
and which is the basis of the analysis that follows. Consider a prediction problem, in which 
one is asked to rank eventualities in a nonempty set X. For concreteness, one may think 
of these eventualities as states of the world throughout this subsection. But the axioms that 
we use here do not presuppose that the eventualities to be ranked are mutually exclusive 
or exhaustive. Indeed, the result reported in this subsection will be used later for various 
collections of events. 

The predictor is equipped with knowledge of cases, facts, observations, or stories. Let M 
be a finite and nonempty set of cases, representing the predictor's knowledge. The person 
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(or the machine) who is supposed to come up with predictions is assumed to have a well- 
defined "at least as likely as" relation on X that presumably relies on M. Hence, for a 
different collection of cases the predictor may have a different "at least as likely as" relation. 
We assume that such a relation is given not only for the actual state of knowledge, but also 
for all hypothetical ones that are generated from it by replication of cases. 

Formally, consider the set of repetitions of cases J = Z+ = {III: M -E +}, where Z+ 
denotes the nonnegative integers. For simplicity, we will refer to elements of J as memories. 
We assume that for every I e J the predictor has a binary relation "at least as likely as" 7> 
on X (i.e., ~> c X x X). 

Algebraic operations on J are performed pointwise. We define >-, and a, to be the 
asymmetric and symmetric parts of ~>, as usual. 

We will use the following axioms: 

AXIOM 1: ORDER. For every I E J, X, is complete and transitive on X. 

AXIOM 2: COMBINATION. For every I, J E J and every x, y E X, if x >2 y(x >-} y) and 
x lJ y, then x l+j y(x >+ y). 

AXIOM 3: ARCHIMEDEANITY. For every I, J E J and every x, y E X, if x >- y, then there 
exists k E N such that x >-kI+J y. 

Observe that in the presence of Axiom 2, Axiom 3 also implies that for every I, J E J 
and every x, y E X, if x >- y, then there exists 1 E N such that for all k > I, x >'kI+J Y. 

Axiom 1 simply requires that, given any conceivable memory, the decision maker's pref- 
erence relation over acts is a weak order. Axiom 2 states that if eventuality x is more plau- 
sible than eventuality y given two disjoint memories, x should also be more plausible than 
y given the combination of these memories. In our set-up, combination (or concatenation) 
of memories takes the form of adding the number of repetitions of each case in the two 
memories. Axiom 3 is a continuity, or an Archimedean axiom. It states that if, given the 
memory I, the predictor believes that eventuality x is strictly more plausible than y, then 
no matter what her ranking is for another memory, J, there is a number of repetitions of I 
that is large enough to overwhelm the ranking induced by J. 

We also need a diversity axiom that is not necessary for the functional form we would like 
to derive. While the theorem we present is an equivalence theorem, it characterizes a more 
restricted class of plausibility rankings than those discussed in the introduction. Specifically, 
we require that for any four eventualities, there is a memory that would distinguish among 
all four of them. 

AXIOM 4: DIVERSITY. For every list (x, y, z, w) of distinct elements of X there exists 
I E J such that x >-I y >- z >- w. If IXI < 4, then for any strict ordering of the elements of 
X there exists I E J such that >- is that ordering. 

Finally, we need the following definition: A matrix of real numbers is called diversified 
if no row in it is dominated by an affine combination of three (or fewer) other rows in it. 
Formally: 

DEFINITION. A matrix v: X x Y -- R, where IXI > 4, is diversified if there are no 
distinct four elements x, y, z, w E X and A, /, ,0 E R with A + , + 0 = 1 such that v(x, *) < 
Av(y, .) + tv(z, .) + Ov(w, .). If IXI < 4, v is diversified if no row in v is dominated by an 
affine combination of the others. 

We now quote a result of a previous work which will be used in this paper. 

THEOREM 2.1 (GILBOA AND SCHMEIDLER 1999, 2001). Let X, M, and {>I}I,E be given 
as above. Then the following two statements are equivalent: 

(i) {> } IEj satisfy Axioms 1-4; 
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(ii) There is a diversified matrix v: X x M --> R such that: 

for every I E J and every x, y E X, 
xl ,vy iff ZceEMI(c)v(x,c) > EeM l(c)v(y,c), 

Furthermore, in this case the matrix v is unique in the following sense: v and u both satisfy 
(**) if there are a scalar A > 0 and a matrix 3 : X x M -> R with identical rows (i.e., with 
constant columns) such that u = Av + 3. 

This theorem has several applications mentioned in Gilboa-Schmeidler (1999, revised 
version 2001). In particular, it can be viewed as axiomatizing kernel methods for estimation 
of density functions, as well as for classification problems. The theorem can also be inter- 
preted as an axiomatization of maximum likelihood estimation: Assume that X is a set of 
theories or general rules that one is to rank according to plausibility given memory. Axioms 
1-4 appear reasonable for this case, and one can derive the representation (**). If we shift 
the weights v(x, c) so that they are all negative, they can be interpreted as logarithms of 
the conditional probability of case c given theory x. Thus, Theorem 2.1 can be viewed as 
an axiomatization of ranking theories or probability distributions, based on the likelihood 
function, together with a derivation of the conditional probabilities used in the likelihood 
function. 

2.2. Events. The predictions discussed in ?2.1 are abstract eventualities lacking any 
logical or algebraic structure. It is natural to ask how similarity-based ranking of prediction 
relates to basic logical or set operations. In an attempt to address this question, we focus 
here on the case in which the alternatives to be ranked are events. 

Let Qf be a state space. Let E be an algebra of events on Q. Assume that E contains all 

singletons. Assume further that Qf contains at least five states. We assume an "at least as 

likely as" relation between events in E that are not included in each other. More precisely, 
two events A, B E E are said to be nonincluded if A \ B, B \ A #: 0. We assume that only 
such pairs are ranked. In particular, we are interested only in proper nonempty subsets of 
Q1 in E. For reasons that will be clarified in the proof, it is convenient to rule out of the 
discussion all proper subsets of 2f whose complement is a singleton. We therefore focus on 
'= {A E I A # 0 and IACI > 1}. 

The application of Theorem 2.1 to the case of events is not immediate, because we only 
assume ranking between nonincluded events, and because the diversity axiom would require 
some modifications. We start by restating the first three axioms for the case at hand. 

AXIOM 1*: ORDER. For every I E J, for every pair of nonincluded events A, B E ,', 
A > B or B >, A. Further, if A, B, C E 2' are pairwise nonincluded, then A ~, B and 
B , C imply A , C. 

AXIOM 2*: COMBINATION. For every I, J E JD and every pair of nonincluded events 

A, B E ', if A > B (A >I B) and A >j B, then A >1+J B(A >-+j B). 

AXIOM 3*: ARCHIMEDEANITY. For every I, J E J and every pair of nonincluded events 

A, B E I', if A >- B, then there exists k e N such that A >kl+J B. 

Next we turn to the diversity axiom used in ?2.1. Observe that, as stated, it cannot hold 
for any list of four events. First, one cannot expect an event A to be strictly more plausible 
than an event B if A C B. Second, if one ranks plausibility according to a probability 
measure, and if 1A + 1B < 1C + 1D or 1A + 1C < 1B + 1D (where 1E denotes the indicator 
function of E E E), one cannot expect any memory to induce the ranking A >- B >- C >- D. 
The proposition that follows shows that the exceptions above are the only ones. 

68 



COGNITIVE FOUNDATIONS OF PROBABILITY 

PROPOSITION 2.2. Suppose that (A, B, C, D) are four events in a measurable space 
(1, 2). Then there exists a probability measure P on C such that P(A) > P(B) > P(C) > 
P(D) iff 

(i) no event in the list (A, B, C, D) is a subset of a follower in the list; and 
(ii) neither IA + 1B < c + 1 nor 1A + 1c < 1 + .D- 

It follows that for a quadruple of pairwise nonincluding events, Condition (ii) is necessary 
and sufficient for the existence of a measure that strictly ranks the four events in the given 
order. The proposition above motivates the following definitions: (A, B, C, D) e l'4 is a list 
of orderly differentiated events if no event in the list is a subset of a follower in the list, 
and neither 1A + B < 1C + 1 nor 1A + 1C 1B + 1D. The events {A, B, C, D} are properly 
differentiated if every permutation thereof generates a list of orderly differentiated events. 
In order not to rule out rankings that agree with probability measures, we will restrict the 
requirement of diversity as follows: 

AXIOM 4*: RESTRICTED DIVERSITY. For every list of orderly differentiated events 

(A, B, C, D), there exists I E J such that A >-i B >- C >-, D. 

We can now state the following. 

THEOREM 2.3. Under the structural assumptions above, the following two statements 
are equivalent: 

(i) {>I}IEj satisfy A1*-A4*; 
(ii) There is a diversified matrix v: ' x M --> R such that: 

for every I E J and every pair of nonincluding events A, B E Y', 

lA , B iff EeM I l(c)v(A, c) > ceM (c)v(B, c), 

Furthermore, in this case the matrix v is unique in the following sense: v and w both satisfy 
(**) if there are a scalar A > 0 and a matrix u : ' x M --> R with identical rows (i.e., 
with constant columns) such that w = Av + u. 

2.3. Additivity. Theorem 2.3 states that a method that ranks events by their likelihood, 
given any possible repetition of known cases, has to be equivalent to a numerical ranking 
where the number attached to each event is a linear function of the numbers of case repeti- 
tions. One naturally wonders what it would take to make these numbers probabilities. That 
is, when is there a probability measure ,u for each case c, such that memory I induces the 
same ranking of events as the measure cEM I(c)i,c? 

Obviously, a necessary condition for a representation by additive measures is that, for 
every I E J, >, satisfies de Finetti's cancellation axiom: For every three events A, B, C 
such that (A U B) n C = 0, we have A , B A U C B U C. A key result is that, if 
we impose this condition (restricted to nonincluded events) on top of the conditions of 
Theorem 2.3, the resulting matrix v can be normalized so that it is additive in events, namely, 
so that v(A U B, .) = v(A, -) + v(B, *) whenever An B = 0. Moreover, in this case we obtain 
uniqueness of the representation up to multiplication by a positive constant. Formally, we 
introduce the following axiom: 

AXIOM 5: CANCELLATION. For every I E J, and for every three pairwise nonincluded 
events A, B, C such that (A U B) C = 0, we have A B X A U C > B U C. 

THEOREM 2.4. Under the structural assumptions above, the following two statements 
are equivalent: 

(i) ({[}E,j satisfies Al*-A4* and A5; 

69 



I. GILBOA AND D. SCHMEIDLER 

(ii) There are finite, signed, and finitely additive measures {l,c }ceM such that: 

for every I E J and every pair of nonincluded events A, B E ', 

A a, B iff EceMI(C),(A) > I CeMl(c)c(B), 

and, for every list of orderly differentiated events (A, B, C, D), the vectors (puc(A))c, 
(pZc(B))c, (l,c(C))c, and (Jc(D))c define a diversified matrix. 

Furthermore, in this case the measures {1uc}cM are unique up to multiplication by a 

positive number 

REMARK 2.5. Theorem 2.4 may not hold if Qf contains less than five states. 
The statement (and proof) of Theorem 2.4 does not restrict Qf to be finite. Yet, the restricted 

diversity axiom may do so. For instance, it is easy to see that if the measures uc are 

nonnegative, Axiom 4* can be satisfied only if 1l is, indeed, finite. However, one may have 
versions of the theorem that allow infinite fQ (say, with an infinite set of cases). 

Theorem 2.4 only guarantees representation by signed measures. Indeed, since we only 
use comparisons of pairwise nonincluded events, the data {,},e do not imply that likeli- 
hood rankings are monotone with respect to set inclusion. One may require that, for each 
I E Jl, I be a qualitative probability according to de Finetti (1931), namely that: 

(i) ,i is complete and transitive on E; 
(ii) for every three events A, B, C such that (A U B) n C = 0, we have A >i B ? AU C j 

BUC; 
(iii) for every event A, A >, 0; 
(iv) f >-/ 0. 
This condition strengthens both Axiom 1* and Axiom 5. One may conjecture that impos- 

ing it would yield a representation such as in (**) of Theorem 2.4 for all pairs of events. 
As stated, the answer cannot be in the affirmative because any numerical representation by 
{Lc}cEM would yield A ?o B for all A, B E E (where 0 E J denotes the memory in which all 
cases appear zero times), contradicting (iv). A more natural condition to impose is, there- 
fore, 

AXIOM 1': QUALITATIVE PROBABILITY. For every I E J, ~I satisfies (i)-(iii) of the def- 
inition above, and if I / 0, >- also satisfies (iv). 

Yet, even with this weakening the conjecture is false. 
REMARK 2.6. Assume that {>l}EJ satisfy Axioms 1', 2*, 3*, and 4*. It is possible that 

the signed measures {Acl}cM obtained in Theorem 2.4 fail to be nonnegative. 

3. Frequentism. The framework of ?2 does not assume any formal relationship 
between past cases and states of the world. Indeed, one of the strengths of the approach 
outlined above is that any such relationships may be inferred from plausibility rankings 
given various memories, rather than assumed a priori. Still, an interesting special case that 
is also an important test case is the situation where memory consists only of past occur- 
rences of the same states that are now possible. For instance, one may be asked to rank the 

possible outcomes of a roll of a die based on empirical frequencies of these outcomes in 

past rolls of the same die. It would be reassuring to know that our approach is compatible 
with frequentism, i.e., that the numerical rankings derived in ?2.3 may boil down to relative 

empirical frequencies in this case. 
Assume, then, that M = 1 = = 1,..., n}, where I E J is interpreted as the empirical 

frequencies of the possible outcomes. Assume that the relations in {>,} ,, are qualitative 
probability relations (as defined by Axiom 1'). We impose two additional assumptions. The 
first is a symmetry axiom, stating that the names of the outcomes are immaterial. The 
second is a specificity axiom, requiring that an outcome that has never been observed does 
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not increase the plausibility of events containing it. For the symmetry axiom, we introduce 
the following notation: Let ir: {1,... , n} -> 1,... , n} be a permutation. For I E J, define 
IorT E byIo7r(c) = I(r(c)) and for A E let A, e I be defined by A = {r-(i) I i A}. 
Using this notation, 

AXIOM 6: SYMMETRY. For every permutation t, every I E J, and every A, B E , 
A >0,, B, iff A, >, B,. 

Next we introduce: 

AXIOM 7: SPECIFICITY. Assume that for j E fn and I E 3, I(j) = 0. For every A, B E E, 
such that B >, A, we also have B > A U {j}. 

THEOREM 3.1. Assume that n > 5 and that {1}IIEJ satisfies Axioms 1', 2*, 3*, 4*, 6, and 
7. Let {A p} be the measures provided by Theorem 2.4. Then (/Ui({j}))li,j jn is the identity 
matrix, up to multiplication by a positive number 

When n < 5 Theorem 2.4 does not provide a representation of {>}/Ej by measures /i. 
Yet, we can simply assume a representation along the lines of Theorem 2.4 and obtain a 
similar result: 

REMARK 3.2. Let {>}IEj be a collection of binary relations on E = 20, and let {,,i} be 
nonnegative measures on f such that for every I E J and every A, B E X, 

A 2 B iff I(c)ac (A)> E I(c)Ac,(B). 
ceM ceM 

Assume that {>l}IEj satisfies Axioms 1', 6, and 7. Then (, i({j})),<i <jn, is the identity 
matrix, up to multiplication by a positive number. 

Observe that Axioms 6 and 7 are obviously necessary for the two results. 

Appendix: Proofs and related analysis. 
PROOF OF PROPOSITION 2.2. Let there be given four events A, B, C, D in a measurable 

space (fl, E). It suffices to consider the minimal algebra containing these events, which 
is finite. Assume that the atoms in this algebra are f' = {1,... . n}. It is easy to see that 
there exists a probability measure P on E such that P(A) > P(B) > P(C) > P(D) iff the 
following LP problem is feasible: 

(P) min 0 x 

s.t. (A -1B).x> 

(1B-lc).X > 1 

(1c- lD).x > 1. 

Problem (P) is feasible iff its dual is bounded. The dual is 

(D) max a + + 

s.t. a(1A -1B) +18(1B - ) + 7(lc 1D) < (*) 

a, f, 7>0. 

Clearly, (D) is bounded iff it is bounded by zero, and this is the case iff its only feasible 
point is a, ,, y = 0. 

We now prove that Conditions (i) and (ii) imply these equalities. Assume, by way of 
negation, that (*) holds and let a,/3, y > 0 but not all three are equal to zero. 

Observe first that if exactly one of a, ,3, and y is positive, it follows that at least one of 
the inclusions; A C B, B c C, or C C D holds, in contradiction to (i). 
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Next assume that exactly two of a, /3, and y are positive. Suppose first that /3 = 0. 
Condition (ii) implies that for some k, lA(k) + lc(k) > l(k) + lD(k). Since the indicator 
vectors take only the values 1 or 0, there are five possibilities in which this inequality may 
be satisfied: 1 + 1 > 1+0, 0 + 1, 0 +0 or 1 + 0, 0+ 1 > 0 + 0. Evaluating (*) at k for these 
five possibilities leads to one of the following: a - a + y < 0, a + y - y < 0, a + y < 0, 
a < 0, or y < 0. All these inequalities are inconsistent with positivity of a and y, so this 
case is ruled out. If y = 0, consider i E A\C (whose existence follows from (i)). Now (*) 
implies a < 0 or a- /3 +/3 < 0. Both contradict positivity of a. The last case is a = 0. Let 
I E B\D (again, such a state exists by (i)). In this case (*) implies 3 < 0 or3-/3 + y < 0- 
a contradiction to /3, y > 0. 

So we are left with the case where all three, a, /, and y, are positive. Since the first 
inequality in (ii) does not hold, there exists i for which lA(i) + l(i) > lc(i) + l(i). We 
consider the five possibilities, as above: 1 + 1 > 1 + 0, 0 + 1,0 +0 or 1 + 0, 0 + 1 > 0 + 0. 
Substituting the corresponding values in (*) we get that at least one of the following five 
inequalities holds: a - a +3 -3+y < , a - a +3 - y < , a - a +0 < O, a <O,-a+/3 < 
0. The possibility of a, 3, and y leaves only /3 < a or 3 < y. 

By (i), there is a state j E A\D. Again, using (*), we get one of the following four 
inequalities: a < 0, a-a +/3 < 0, a - , + y < 0, and a- a +/3- 3 + y O, depending on 
whether j belongs to B and to C or not. Three of the inequalities are directly inconsistent 
with positivity of a, /3, and y. The fourth, namely, a + y </ , is also inconsistent with 

positivity when coupled with either of/3 < a or 3 _< y obtained previously. This concludes 
the proof that (i) and (ii) suffice for the existence of a probability measure P such that 

P(A) > P(B) > P(C) > P(D). The necessity of (i) and (ii) is obvious. O 
PROOF OF THEOREM 2.3. We will construct the numerical representation by "patching" 

together numerical representations for subsets of events that are properly differentiated. 
In doing so, a few auxiliary results will be of help. We start by the following definition. 

Suppose that for a subset of events A c I' there is a matrix vA : A x M -> 1R. Let A' be a 
subset of A. We say that vA ranks A' if for every nonincluded E, F E A', and every I E J, 

E >, F iff I(c)va(E, c) > E I(c)va(F, c). 
ceM cEM 

To extend a numerical representation vA to a larger set A, we would like to know that such 
a representation is unique on relatively small subsets A'. For instance, when we consider 

triples of pairwise nonincluded events A, B, C, it would be nice to know that a function 
v that ranks {A, B, C} is unique as in Theorem 2.1. For this one would need to have a 

diversity axiom for triples of events, namely, that for any permutation thereof there exists 
an I e J such that >- agrees with the given permutation. One would expect this to follow 
from the seemingly more powerful diversity assumption Axiom 4*, stated for all quadruples 
of orderly differentiated events. However, not every triple of pairwise nonincluded events 
can be complemented to a quadruple of orderly differentiated events. Consider, for instance, 
n = 5, A = {1,2, 3}, B = {4}, C = {5}. These are pairwise nonincluded, but there is no 
event D that is pairwise nonincluded with respect to all of them. 

This case is anomalous enough to deserve a definition. We say that three events 
A, B, C E 2' form an all-but-two partition if two of them are singletons and the third is the 

complement of the (union of the) first two. We now state 

LEMMA 1. Let A, B, C E I' be three pairwise nonincluded events that do not form an 
all-but-two partition. Then there exists I E J such that A >- B >- C. 

PROOF. First observe that since A, B, C are pairwise nonincluded, there exist prob- 
ability measures P on f such that P(A) > P(B) > P(C). We will shortly prove that 
there exists an event D that is nonincluded with respect to each of A, B, and C. We can 
choose a probability P such that P(A) > P(B) > P(C) and that P(D) differs from each 
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of {P(A), P(B), P(C)}. This would mean, by Proposition 2.2, that one of the four lists, 
{(D, A, B, C), (A, D, B, C), (A, B, D, C), (A, B, C, D)}, is orderly differentiated. We can 
then use the diversity axiom for that list to deduce the desired result. 

We therefore wish to prove that there exists an event D that is nonincluded with respect 
to each of A, B, and C. If there exists a state i E (A U B U C)C, then choosing D = {i} will 
do. Assume, then, that A U B U C = f. Next, if A, B, and C are pairwise disjoint, then, 
because they do not form an all-but-two partition, it has to be the case that at least two of 
them contain more than one element. Assume without loss of generality that {i, j} c A and 
that {k, I} C B. In this case, D = {i, k} is noninlcuded with respect to each of A, B, and C. 

We now deal with the cases where A U B U C = f and the three events are not pairwise 
disjoint. Assume that one of them is disjoint from the other two, say, A n (B U C) = 0. Let 
i E B\C and j E C\B. Since not all three events are disjoint, Bn C : 0, and it follows that 
D = {i, j} is nonincluded with respect to all three. 

We therefore assume that A U B U C = fl and that each event intersects the union of the 
other two. Observe that this implies that none of A, B, or C is a singleton. Assume that 
one of them is not contained in the union of the other two, say, A\(B U C) = 0. Then there 
exists i E A\(B U C). Choose j E B\A and let D = {i, j}. 

Finally, we are left with the case where A U B U C = fl and where each event is contained 
in the union of the other two. Hence, every state in fl is included in at least two of {A, B, C}. 
In this case Ac = (B n C)\A; Bc = (A n C)\B; and Cc = (A n B)\C. Since A, B, C are in 
1', each of these pairwise disjoint events includes at least two elements. Construct D by 
selecting one of each. a 

LEMMA 2. Let there be given two subsets o, r c I' with corresponding matrices 
va: a x M --> R and v : r x M -* R. Assume that there are three pairwise nonincluded 
events A, B, C E a n r that do not form an all-but-two partition, and that both v' and vT 
rank {A, B, C}. If, for all c E M, v'(A, c) = v'(A, c) and v (B, c) = v7(B, c), then also 
VU(C, c) = v7(C, c) for all c E M. 

PROOF. In view of the previous lemma, the triple {A, B, C} satisfies the conditions of 
Theorem 2.1. The conclusion follows from the uniqueness result of the theorem. O 

LEMMA 3. Let there be given a subset of events A C I' and a matrix va : A x M -> R. 
Assume that A, B, C, D E A are properly differentiated. If va ranks {A, C, D} and {B, C, D}, 
then it also ranks {A, B}. 

PROOF. Since A, B, C, D are properly differentiated, we can apply Theorem 2.1 to 

0( 
= {A, B, C, D}, and conclude that there exists a matrix v' that ranks a. Without loss of 

generality we may assume that v"(C, c) = va(C, c) and va(D, c) = va(D, c) for all c E M. 
Since A, B, C, D are properly differentiated, we know that none of {A, C, D}, {B, C, D} 
forms an all-but-two partition. The previous remark therefore states that for all c E M, 
v'(A, C) = va(A, c) and vo(B, c) = va(B, c) also hold. Since v' ranks {A, B}, so does v. 

We now turn to the construction of a matrix v'i that ranks 5'. The strategy is as follows: 
We start by constructing a representation for all pairs. (Recall that E includes all singletons, 
and therefore also all pairs.) We then extend it to singletons. Next we show that it can be 
extended to all events in ;'. 

Define A2 = {A E 2' I AI = 2}. 

LEMMA 4. There exists VA2 : 2 x M -> R that ranks A2. 

PROOF. Choose an element of l, and call it 1. We first consider A' = {{1, i}li % 1}. 
Any four events in A2 are properly differentiated, and Theorem 2.1 can be applied to obtain 
a representation vA : A2 x M -> R that ranks A. 2 2' \[ ha al~sa 
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Next we wish to extend va2 to vA2 on all of A2. Consider A = {i,j} where i,j : 1. 
Any four events in A2 U {A} are properly differentiated. Hence Theorem 2.1 offers a unique 
definition of vA2(A, c) for c E M. 

We claim that vA2 ranks A2. Let there be given A, B E A2. Notice that if at least one of 
them is in Al, we already know that A2 ranks {A, B}. Assume, then, that A, B E A2\A. 
Distinguish between two cases: (i) A n B = 0, and (ii) A n B % 0. 

In Case (i) we have A = {i, j}, B = {k, l} where i, j, k, I are distinct and differ from 
1. Observe that any distinct four events out of A U {A, B} are properly differentiated. It 
follows that there exists a matrix defined on (A' U {A, B}) x M that ranks A} U {A, B} , and 
that it coincides with our definition of vA2. 

In Case (ii) we have A = {i, j}, B = {i, k} where i, j, k are distinct and differ from 1. 
Observe that {{1, i}, {1, j}, {i, j}, {i, k}} are properly differentiated. By Lemma 3, since vA2 
ranks {{1, i}, {1, j}, {i, j}} and {{1, i}, {1, j}, {i, k}}, it also ranks {{i, j}, {i, k}}. O 

Our next step is to extend va2 to singletons. Let A2 = {A E l'IIAl < 2}. 

LEMMA 5. There exists A2 : A2 X M -- R that ranks A2. 

PROOF. Let va2 equal vA2 on all pairs. We now extend it to all singletons, and then 
show that this extension indeed ranks A2. Let there be given i E Qf. Choose distinct 
j, k, 1 7 i. There is a unique definition of v^2({i}, c) (for c E M) such that vA2 ranks 

{{i}, {j, k}, {j, 1}}. We first claim that vA2 thus defined ranks A2 U {{i}}. Indeed, for any 
event B E A2 that differs from {j, k}, {j, 1}, {B, {j, k}, {j, I}} are pairwise nonincluded, and 
they do not form an all-but-two partition. Hence, v^2 ranks {B, {j, k}, {j, I}}. Further, if 
i ' B, then {B, {i}, {j, k}, {j, I}} are also properly differentiated, and, by Lemma 3, vA2 also 
ranks {B, {i}}. 

Let this be the definition of vA2({i}, c) for each i E f. We need to show that for every 
distinct i, j E f, va2 ranks {{j}, {i}}. Since IQlI > 5, there are two distinct C, D E_A2 that 
are disjoint from {i, j}. Thus {{i}, {j}, C, D} are properly differentiated, while v^2 ranks 
both {{i}, C, D} and {{j}, C, D}, which completes the proof. O 

The following combinatorial lemma will prove useful. 

LEMMA 6. Let A and B be two nonincluded events in S'. Then there are C and D in 

S', with ICI, IDI = 2, such that {A, B, C, D} are properly differentiated. 

PROOF. Assume without loss of generality that IAI > IBI, and distinguish between two 
cases: 

Case 1. IA\BI > 2. 
Case 2. IA\BI = IB\AI = 1. 
In Case 1 set i, j E A\B, i : j, and k e B\A. Define C = {i, k} and D = {j, k}. By direct 

verification one can check that the conclusion of the lemma holds. 
Next consider Case 2. Since If\AI, Ifl\BI > 2, there is a state p E fn\(A U B). Assume 

first that there also is a state q $: p , such that q E Qn\(A U B). Let i E A\B, and k E B\A. 
If A and B are singletons, there exists j E fl\{i, k, p, q} and we can choose C = {j, p} and 
D = j, q}. Otherwise (namely, A n B - 0) defining C = {i, p} and D = {k, q} results in 
the desired conclusion. 

We are now left with Case 2 under the additional restriction that Il\(AU B)I = 1. Since 

IQIl> 5, we know that IA n B > 2. Define C = {p, k} and D = {p, 1}, where k l 1, k, I E 
A n B. Once again, direct verification completes the proof. O 

COMPLETION OF THE PROOF OF THEOREM 2.3. We now proceed to define v = vi: ' x 
M -- R that ranks 1', as an extension of va2. Let there be given an event A E I' with 

IAI > 2. Let i be an element in fl that is not included in A, and let j, k be two elements 
that are in A. Since {A, {i, j}, {i, k}} are pairwise nonincluded and they do not form an 
all-but-two partition, Theorem 2.1 applies to them and offers a unique definition of v(A, c) 
(for all c E M) such that v ranks {A, {i, j}, {i, k}}. 
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We now wish to show that v thus defined ranks {A, B} for all nonincluded A, B E E'. If 
IA , B I < 2, the result follows from the definition of v as an extension of v^2. Assume, then, 
that IAl > 2. We split the proof into three parts according to the number of elements in B. 

First assume that IBI = 2. Recall that i is an element in 1f that is not included in A, 
and that j, k are two elements that are in A. There are four cases to check, according to 
whether i E B and whether A and B are disjoint. In all cases, direct verification shows that 
{A, B, {i, j}, {i, k}} are properly differentiated, and Lemma 3 implies that v ranks {A, B}. 

Next assume that IBI = 1, i.e., that B = {/} where 1 ? A. Choose s ' A U {/}. Since j, k 
are in A, {A, B, {s, j}, {s, k}} are properly differentiated, and Lemma 3 implies that v ranks 
{A, {1}}. 

Finally, assume IBI > 2. By Lemma 6 there are C and D in S', with ICl, IDI = 2, such 
that {A, B, C, D} are properly differentiated. We already know that v ranks {A, C, D} and 
{B, C, D}, since C and D are pairs. Again, Lemma 3 implies that v ranks {A, B}. 

It is easy to see that, if for some list of orderly differentiated events (A, B, C, D), the 
vectors (lc(A)), (cu,(B)),, (Lc(C))c, and (CXc(D))c form a matrix that is not diversified, 
then A4* is violated. This was also proven in detail in Gilboa and Schmeidler (1999). O 

The proof of sufficiency and of uniqueness are as in Gilboa and Schmeidler (1999). O 
PROOF OF THEOREM 2.4. The fact that (ii) implies (i) is immediate. We will first show 

that (i) implies (ii) and the uniqueness result for the case of a finite algebra. 
Assume, then, that QI = {1, ..., n} (recall that n > 5) and that I = 20, and let v be the 

matrix provided by Theorem 2.3. Set w(-) = v({1,2}, .) - v({1}, .) - v({2}, .), and define 
a matrix v by v(A, ) = v(A, ) + w(.) so that v({l, 2}, .) = v({ 1}, ) + v({2}, .). We wish 
to show that for this v, v(A, ) = ,iEA v({i}, .) for every A E E'. Observe that if we find 
such a v, it is unique up to positive multiplication, since a shift by a vector w can preserve 
additivity only if w = 0. 

Some notation may prove useful. We will use event superscripts to denote rows in the 
matrix. Thus, vA denotes the vector v(A, .). Also, for A, B, E ', define vA,B = vA - B. 

Note that for any three pairwise nonincluded events A, B, C, we have the Jacobi identity 
vA,C = VA, B + vB, C. A key observation is the following 

LEMMA 1. For every three pairwise nonincluded events A, B, C such that (A U B) n C = 
0, there exists a unique A > 0 such that VAUC'BUC = AvA B. 

PROOF. By the cancellation axiom we know that the set of memories I for which A U 
C ~> B U C is precisely the same set for which A >I B. The conclusion follows from the 
uniqueness result of Theorem 2.1 applied to the events A, B. O 

Next we show that, when we focus on a singleton C= {i}, the coefficient A does not 
depend on the sets A, B: 

LEMMA 2. For every i E fI there exists a unique Ai > 0 such that, for every nonincluded 
A, B E ' such that i A U B and IAI, IBI < n - 2, VAU{i}BU{i} = AiVA' B. 

PROOF. Consider three events A, B, D that are pairwise nonincluded, none of which 
includes i, and none of which has more than n -3 elements. We know that 

vAU{i}, BU{i} = )AU{i}, DU{i} + DU{i}, BU{i} 

Applying Lemma 1 to each of the three elements above we obtain numbers A, /, rq > 0 
such that 

uAU{i},BU{i} = AIA, B 

)AU{i},DU{i} = L A, D 

DU{i}, BU{i} D, B 
V =r 7v 
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Hence, 
AvA, B = ,IvA,D + nVD B, 

or 
A,B iA,D 7 D,B V =-V + 

A A 

However, since we also have the Jacobi identity 

A,B = A,D + .DB, 

the restricted diversity axiom implies that A = L = 1q. 
Applying this result for the case that A, B, D are singletons, we conclude that there exists 

Ai > 0 such that the conclusion holds for all singletons A, B. Next, for every A E 2' such 
that i ? A and IAI < n-2, and every j ? A U{i}, we also get vAU{i} {i,j} = AivA,{j}. Similarly, 
consider such a set A, and choose j, k ? AU {i} and 1 E A. Define B = {1, k} and D = {j}. 
We obtain that vAU{i' {, k, 1} = Ai A' {k, 1}. Finally, consider two nonincluded events A, B E I' 
such that i A U B and IAI, IBI < n - 2. Choose 1 E A\B and k E B\A. Define D = {1, k} 
and apply the result above to these three events. The desired result follows. O 

LEMMA 3. There exists a unique A > 0 such that A = Ai for all i E 12 (where Ai is the 

coefficient defined by Lemma 2). Further, this A satisfies, for every distinct i, j, k, I E 1, 

v{i,j}, k, 1} = Av{i}, {k} + Av{j}1}{. 

PROOF. By the Jacobi identity and Lemma 2, 

v(i, j},{k,l} = vi, jJ,{k, j} + Ulk, j},{k, I} = Ajv{i}, {k +Akj}{il{}ll 

Similarly, 
v{i, j,{k,l} ) {i,},{l, j + V{l,},{k, 1 = Aj{i,} + A l)} , 

{k}; 

hence, 

A,jv'{i}{k + Ak {j} '{l = Ajv'{i} {} + Alv{j}'{k} 

or 
Ajv{i},{k} = Ajv{i},{l} + Ak'{l} {j} + All{j}'{k} 

That is, 

- }k = v{4, {I} + ,k 1 {j} Al V {j} {k} l) = i } ' - { i}} 
Ai Aj 

But the Jacobi identity also implies 

v) }, {k} = {i}, {l} + V{l}, {i} + Vl{j, {k} 

and, coupled with the diversity axiom this means that Aj = Ak = Al. O 
Until the end of the proof we reserve the symbol A to the coefficient defined by Lemma 3. 

LEMMA 4. For every distinct i E fn\{l, 2}, 

{1 i} = v{1} + (1 - A)V{2} + Av{i} 

v{2ii} = (1 - A)v1} + v{2} + Av{i. 
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PROOF. By symmetry between 1 and 2, it suffices to prove the first equation. 
Since vAB = vA - vB (applied to A = {1, i} and B = {1, 2}) we get 

v{1,i = v{,1i}{, 1,2} + V{1,2} 

By Lemma 3 
= Av{i} {2} + 1{l, 2} 

and, using the fact v{1,2} = v{1} + v{2} and vA B = A _ -B (applied to A = {i} and B = {2}) 

= Avi} _-AvI{2 + ?v{i + V1{2 

= {1} + (1-A)v{2} + Av{i} 

LEMMA 5. For every distinct i, j E f\{1, 2}, 

V{i,j} = (1 -A)V{1} + (1 - A)v{2}1 + +{} + Avj}. 

PROOF. Since VA'B = VA - VB (applied to A = {i, j} and B = {1, 2}) we get 

-1A {i}= v {ij 1,2t + {1,2} . 

Using the Jacobi identity, 

V{i,j} = {i, j},{1,i} _+ V{1, i}, {1,2} + VI{1,2}. 

By Lemma 3 the right-hand side equals 

Av{i)} {1 + Av{i}, {2 + 1 {1, 2. 

Using the facts v{t'21 = v{l} + v{2} and A, B = vA - vB, we get 

v{ii} = Av{i} -_ Av1} + Av{} _- ,{2 + V(1} + 1{2} 

= (1 - A)v{1l + (1 - A)v{2 + Av{i) + Avi(j. D 

LEMMA 6. A = 1. 

PROOF. Consider the set {3, 4, 5}. By definition of A, B, 

V{3,4,5} = V{3,4,5}, {2,5} + V{2,5}. 

By Lemma 3 the right-hand side equals 

AV3,4}, {2} + 1{2 5} = A{3, 4} _ A{2} + V{2, 5} 

where the last equality follows from vA,B = vA - vB. 

Using Lemma 5 for the set {3, 4} and Lemma 4 for the set {2, 5}, we get 

v13,4,5 = A[(1 - A)v{1 + (1 - A)vI{2 + AvI{3 + Av{4}] - A{2 

+(1- A)v{l}) + +}+ Av5 

= (1 - A2)v{l + (1 - A2)v{2} + 2 + A23 A2V4 + Av5 

By symmetry between 4 and 5, we also get 

{3,4,5} = (1 _ 2)V{1} + (1- _A2)V{2} + A2V{3} + V{4} + kA2V5}. 
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Equating the two, it has to be the case that 

Av){4} + V1{5} = v{4} + .V{5} 

or 
(1 - A)v{4' 5 = 0. 

By the diversity axiom, v{4}'{51} 0, hence, the conclusion follows. O 

LEMMA 7. For every i, j E f1, v{i' = v1{i + 1j}. 

PROOF. Use Lemmata 4, 5, and 6. O 

LEMMA 8. For every A E S', vA = TiEA v){i} 

PROOF. By induction on IA . We already know that the lemma holds for IAI < 2. Assume 
it is true for JAI < k and consider a set B with IBI = k+ 1 < n- 1. Choose i E B and j ? B. 
Since B and {i, j} are nonincluded, we may write 

VB = VB {i, j + V{i, j 

Denoting A = B\{i}, we can write vB, {i, j = VAU{il, {j}U{i} where i V A U {j}. 
Using Lemmata 3 and 6, 

B, {i,j} = AAU{i},{j}U{i} = A, {j} 

Plugging this into the first equation we get 

VB = VA, {} + Vi ji, = }VA __ 1 } + V1{i j} 

and, using the induction hypothesis, 

= L v-{k} _ v+ Vij} + V.i1 = v{k}) 
keA keB 

This completes the proof of Theorem 2.4 for the finite case. O 
We now turn to the case of an infinite f2. Choose an element of f2, say, 1. Consider all the 

finite subalgebras S0 of E that include {1 } and that have at least five atoms. For each such 
S0 there exists a matrix vio: ?o x M -- R that ranks Y. and that satisfies additivity with 
respect to the union of disjoint sets. Further, such a matrix is unique up to multiplication by 
a positive number. Choose one such S0 and a corresponding vso for it . Let IS be another 
subalgebra of E that includes {1} and that has at least five atoms. Let v' be a matrix that 
ranks E1. Let S2 be the minimal algebra containing both S0 and 1. Applying the result 
to the (finite) subalgebra S2, there exists vl2 that ranks E2. Since v[ ranks both SE and 
E1, (v)({1},c))CEM differs from both (vo({1},c))cEM and (vt ({ 1}, ))cEM by a positive 
multiplicative number. This implies that the latter two vectors also differ by a positive 
multiplicative number, and that there is a unique vil that ranks I' and agrees with vZo on 
the row of {1}. (Observe that this row in not the 0 vector due to the diversity condition.) 

Given an event AE 6 ', choose a finite subalgebra El as above that includes A, and define 
(v(A, c))cEM by the unique v', identified above. By similar considerations one concludes 
that this definition of (v(A, c))CEM does not depend on the choice of SI that includes A. 
Hence, v is well defined. Finally, we wish to show that if A, B, A UB E E', and A n B f: 0, 
We have 

v(A U B, c) = v(A, c) + v(B, c) for all c E M. 

Choose a finite subalgebra E1 as above that includes both A and B, and observe that v 
coincides with v1I on E, where vI satisfies this equality by Lemma 8. D 
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PROOF OF REMARK 2.5. Consider M = = {1, 2, 3, 4} and define {>I}I by the matrix 
v given by the table below (where empty entries denote zeroes). It is straightforward to 
check that {,l}, satisfies Axiom 5 for all triples of events, yet the matrix v is not additive 

1 

Case c 

2 3 4 

1 2 

2 2 

3 2 

4 2 

1,2 2 2 

1,3 2 1 1 

1,4 2 1 1 

2,3 1 2 1 

2,4 1 2 1 

3,4 11 1 1 

PROOF OF REMARK 2.6. Consider M = Ql = {1, 2, 3, 4, 5} and define {I>}j as follows: 
If A C B, then A -< B for every I E J. If A is a proper subset of B, then A -< B for every 
I 7 0. If A and B are nonincluded, define {>I}/ by the signed measures {C,I}cM given by 
the table below (where empty entries denote zeros): 

IL({i}) Case c 

2 

State i 

3 4 5 

1 -1 1 1 1 1 

2 2 1 

3 4 1 

4 8 1 

5 16 1 

One may verify that {,I}, are qualitative probability relations satisfying Axioms 2*-4*, 
even though /,I({l}) < 0. 

PROOF OF THEOREM 3.1. We first show: 

LEMMA 1. The symmetry axiom implies that there are two numbers, a > b > O, such 
that Ai/({j}) = b if i - j and /,i({i}) = a. 

Observe that this condition is also equivalent to the symmetry axiom. 
PROOF OF LEMMA 1. 

CLAIM 1. For every i < n there exists a number bi E R[, such that /ii({j}) = bi for all 
j#i. 

PROOF. Consider the memory I = 1{i} e J and a permutation 7T that swaps only two 
states j, k % i. Since I = Io , the symmetry axiom implies that {j} ij {k}, hence Li({i}) = 

iW({k}). no 
We denote ai = Lt,i({i}). 

in events. 
VA(c) 

Event A 
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CLAIM 2. For every i, j, < n, aj - bj = ai - bi. 

PROOF. Consider I = i, e J and a permutation TT that swaps only i, j. Since I =I lo 7r, 
the symmetry axiom implies that {i} m/ {j}, hence aj + bi = bj + a, or a -bj = ai - bi. D 

CLAIM 3. For every distinct i, j, k < n, {k} >-, {i, j} for I = l{k} e J. 

PROOF. By the diversity axiom we know that there exists a memory I e J such that 
{k} >- {i, j}. The combination axiom implies that there exists s < n such that {k} >-, i, j} 
for I = 1 }. We claim that this can only hold for s = k. Indeed, first observe that if s ? 
{i, j,k}, then for I = l{} we also get, by symmetry, {i} >- {j, k}. But, since ~, is a 
qualitative probability, {k} >-, {i, j implies {j, k} >-, {i}, a contradiction. Next assume that 
s = i. By similar reasoning, {k} >-i {i, j} implies {i, k} >-, {i, j}, but this implies {k} >-, {j}, 
which contradicts symmetry (as in Claim 1). s = j is similarly excluded, and the conclusion 
follows. O 

CLAIM 4. For every i, j < n, ai = aj > 0. 

PROOF. Let there be given distinct i, j, k < n. Consider, for every two nonnegative inte- 
gers m, 1, the memory I = I(m, 1) = ml{} + ll{k} E J, and the permutation Tr that swaps 
only i, j. Thus, I o r = ml{i} + ll{k). It follows from the symmetry axiom that {i, j} >-, {k} 
iff {i, j} >-oI {k}. This means that, for every m, / > 0, 

mai + mbi + 2bk > mbi + la iff maj + mb + 2lbk >mb + la 

or 

mai > l(ak- 2bk) iff ma > l(ak- 2b). (*) 

Further, we argue that ai, aj, (ak - 2bk) > 0. First, observe that by Claim 3 (corresponding 
to m = 0, 1 = 1), it has to be the case that (ak - 2bk) > 0. Also, Claim 3 implies that 
{i} >- {j, k} for I = l{i} (corresponding to m = 1,1 = 0), and {i, j} >- {k} follows by 
monotonicity of >, with respect to set inclusion. Hence ai > 0. Similarly, aj > 0 has to 
hold as well. The desired result now follows from (*). O 

Combining Claims 1, 2, and 4, we conclude that there are two numbers, a, b E R, such 
that ,ui({j}) = b if i : j and /Ci({i}) = a. Furthermore, we know that a > 0. 

CLAIM 5. a> b. 

PROOF. As in the proof of Claim 4, (a - 2b) > 0 and this suffices since a > 0. O 
CLAIM 6. b > 0. 

PROOF. Let i, j, k < n be distinct. Consider I = -l{i}. We know that {i} zz {j}, hence 
{i,k} 1 {j}. Hence a+3b > a+b. D 

This completes the proof of Lemma 1. It remains to show that the specificity axiom 

implies that b = 0 as well. To see this, consider again the proof of Claim 6 above, and 
observe that if b > 0, it has to be the case that {i, k} >- {j}, where I = l{i j}. But this is a 
contradiction to the specificity axiom, because {i} mj {j} and I(k) = 0. D 

PROOF OF REMARK 3.2. Assume that for some i, j E fl, Ili({j}) < 0. This means that for 

I= 1l{i we have 0 >-, {j}, contradicting Al'. Hence ,/i are nonnegative. Next we consider 
i : j and show that /iQ({j}) = 0. Assume, to the contrary, that k,i({j}) > 0 for i 0 j. In this 
case, for I = l{i we have 0 > 0 and {j} >- 0 while I(j) = 0, contradicting A7. Also, 
since, by Al', f >-, 0 for I = l{}, it follows that 1ui({i}) > 0 for all i e Q. Finally, consider 
I = l{i ,} for i f j. By A6, {i} b {j}. Hence ui({i}) = .j({j}). D 
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