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Agents make predictions based on similar past cases, while also
learning the relative importance of various attributes in judging
similarity. We ask whether the resulting “empirically optimal sim-
ilarity function” (EOSF) is unique and how easy it is to find it. We
show that with many observations and few relevant variables,
uniqueness holds. By contrast, when there are many variables rel-
ative to observations, nonuniqueness is the rule, and finding the
EOSF is computationally hard. The results are interpreted as pro-
viding conditions under which rational agents who have access
to the same observations are likely to converge on the same pre-
dictions and conditions under which they may entertain different
probabilistic beliefs.

belief formation | empirically optimal similarity function | learning |
kernel estimation | generalized context model

Where do beliefs come from? How do economic agents pre-
dict future realizations of relevant variables? We consider

an agent who, in each period, predicts the realization of a vari-
able of interest, after observing the realization of presumably
related other variables. Agents predict that the variable of inter-
est will be a weighted average of its past values, and they assign
a higher weight to values that were observed under more similar
circumstances. This method is known in statistics and machine
learning as “kernel estimation” (see refs. 1 and 2 as well as sup-
port vector machines in refs. 3 and 4). Surprisingly, a very similar
formula appeared in the psychological literature in the context
of the generalized context model (GCM) (5, 6). The latter deals
with a classification task, where participants are asked to decide
to which category an object belongs. The GCM suggests that the
category chosen is the “most frequent” one encountered, where
frequency is weighted by similarity.

While psychology aims at modeling human reasoning, whether
optimal or not, statistics and machine learning attempt to
develop effective ways of prediction based on past data, with
no claim to describe the way people think. A priori, there is no
reason to believe that these disciplines would converge to the
same class of models. The fact that they did independently derive
similar techniques makes these techniques very promising for
modeling beliefs of economic agents. As noted by ref. 7 (p. 831),
“. . .kernel methods have neural and psychological plausibility,
and theoretical results concerning their behavior are therefore
potentially relevant for human category learning.” This paper
presents a model of belief formation based both on insights from
the GCM and on kernel techniques.

The GCM assumes that individuals store “exemplars”
(objects) in their memory as points in a multidimensional psy-
chological space, in which each dimension is a feature of the
objects. They then classify new objects based on their similar-
ity to the stored exemplars (see ref. 8 for a survey). Individuals
use selective-attention weights to measure the importance of
each feature in their similarity assessments. The empirical evi-
dence reviewed by ref. 9 strongly suggests that the similarity
between two objects is measured as a negative exponential func-
tion of their distance in this psychological space. Crucially for our
model, experimental evidence shows that individuals use differ-
ent selective-attention weights for different tasks and, moreover,
that for any given task they learn the weights that optimize their
classification performance in that context (6, 10, 11).

Inspired by these results on classification tasks, we present
a model of prediction based on two levels of learning. (We
refer here to the learning needed to form prior beliefs and
not to Bayesian learning that such beliefs may later be used
for.) First, we assume that the value of a variable y is esti-
mated by the similarity-weighted average of its past realizations.
Specifically, observation i consists of a realization of a vector
of predictors xi and a value of the predicted variable yi ; a new
datapoint xp is presented, and the task is to estimate the value
of the corresponding yp . First-order induction assumes a sim-
ilarity function s (xi , xp)≥ 0 such that yp is estimated by the
s (xi , xp) -weighted average of past yis. Past occurrences are
weighted by their similarity: Values yi observed under circum-
stances xi more similar to the current xp gain higher weight.
In statistical terms, ys

p is the kernel-based estimate of yp with
kernel s . Following the empirical regularity observed by ref. 9,
we use a similarity function that is a negative exponential of
the weighted distance between pairs of vectors of predictors.
The weights given to the different predictors are analogous to
the selective-attention weights of the GCM in that they iden-
tify the relative importance of each component in the similarity
assessment.

The second level of learning involves finding the optimal
weights. We model this problem by a leave-one-out cross-
validation technique and refer to a similarity function that uses
optimal weights as an empirically optimal similarity function
(EOSF). [Ref. 12 also suggested the notion of “empirical similar-
ity,” based on the notion of a maximum-likelihood estimator of
the similarity, assuming that the actual data-generating process
(DGP) is similarity based. Refs. 13−16 analyzed the asymptotic
properties of such estimators. The asymptotic results in this liter-
ature assume a given DGP (typically, using a formula such as [1],
with a noise variable, as the “true” statistical model), whereas our
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results are more agnostic about the underlying DGP.] Because
this process deals with learning how first-order induction should
be performed, it is dubbed second-order induction. In statisti-
cal terms, this is akin to finding the optimal kernel to estimate
yp (17).

We conceive of this two-stage learning process as an ideal-
ized model of the way economic agents form beliefs and we ask
whether rational individuals with access to the same informa-
tion will agree on their predictions. We investigate whether the
EOSF is unique and easily computable. If that is the case, we
can expect agents to agree on the similarity function to be used
and consequently to share the same predictions. We find that, if
the number of predictors is fixed, and the predicted variable is a
function of the predictors, then, as the number of observations
grows following an i.i.d. process, the EOSF will learn the func-
tional relationship. The EOSF will be almost unique with high
probability, with different such functions providing similar pre-
dictions (Proposition 1). By contrast, if the number of predictors
is large relative to the number of observations, it is highly proba-
ble that the EOSF will not be unique (Proposition 2). Further, if
the number of predictors is not bounded, the problem of finding
the EOSF is nondeterministic polynomial-time complete (NPC)
(Theorem 1).

Our results suggest that whether rational agents who have
access to the same information will agree on their predictions
depends, to a large extent, on the comparison of the number of
potentially relevant variables and the number of observations.
Consider two prediction problems: In the first one, an agent tries
to estimate the probability of water boiling. In the second one,
an agent tries to estimate the probability of success of a revolu-
tion attempt. In the first problem, the number of observations
can be increased at will, through experimenting, and there are a
relatively limited number of variables to take into account, such
as temperature, pressure, and a few other experimental condi-
tions. In this type of problem it stands to reason that the EOSF be
unique. Further, as the number of variables is not large, the com-
putational complexity result has little bite. Thus, different people
are likely to come up with the same similarity function and there-
fore with the same probabilistic predictions. By contrast, in the
revolution example the number of observations is very limited.
One cannot gather more data at will, either by experimentation
or by empirical research. To complicate things further, the num-
ber of variables that might be relevant predictors is very large:
Researchers may come up with novel perspectives on a given his-
tory and suggest new potentially relevant military, economic, and
sociological variables. In this type of example our results suggest
that the EOSF may not be unique and that, even if it is unique,
people may fail to find it. As a result, it may not be too surprising
that experts may disagree on the best explanation of historical
events and, consequently, on predictions for the future.

Model
Case-Based Beliefs. The basic problem we deal with is predicting
a value of a variabley ∈Rbased on other variablesx1, . . ., xm ∈R.
We assume that there are n observations of the values of the
x variables and the corresponding y values and, given a new
value for the x s, attempt to predict the value of y . We use the
terms “cases” and “similarity,” as equivalent to “observations”
and “kernel.”

We assume that prediction is made based on a similarity func-
tion s :Rm ×Rm→R+. Such a function is applied to the observ-
able characteristics of the problem at hand, xp =

(
x1
p , . . . , xm

p

)
,

and the corresponding ones for each past observation, xi =(
x1
i , . . . , xm

i

)
, so that s(xi , xp) would measure the degree to

which the past case is similar to the present one. The simi-
larity function should incorporate not only intrinsic similarity
judgments, but also judgments of relevance, recency, and so
forth.

More formally, let the set of predictors be indexed by j ∈M ≡
{1, . . . ,m} for m ≥ 0. When no confusion is likely to arise, we
refer to the predictor as a “variable” and also refer to the index
as designating the variable. The predictors x ≡

(
x1, . . . , xm

)
assume values (jointly) in Rm and the predicted variable, y–in
R. The prediction problem is defined by a pair (B , xp) where
B = ((xi , yi))i≤n (with n ≥ 0) is a database of past observations
(or cases), xi =

(
x1
i , . . . , xm

i

)
∈Rm , and yi ∈R, while xp ∈Rm is

a new data point. The goal is to predict the value of yp ∈R
corresponding to xp .

Given a function s :Rm ×Rm→R+, the value of yp is
estimated by the similarity-weighted average formula

ys
p =

∑
i≤n s(xi , xp)yi∑
i≤n s(xi , xp)

. [1]

In the case s(xi , xp) = 0 for all i ≤n , we set ys
p = y0 for an arbi-

trary value y0 ∈R. (We choose some value y0 only to make the
expression ȳs

p well defined. Its choice will have no effect on
our analysis.) This formula is identical to the kernel-averaging
method (where the similarity s plays the role of the kernel func-
tion). Similarity-weighted estimation as in [1] was axiomatized
in refs. 18 and 19.

We use the similarity function

sw
(
x , x ′

)
= exp

(
−

m∑
j=1

w j
(
x j − x ′j

)
2

)
[2]

with wj ≥ 0. [Our results hold for other similarity functions as
well. First, the distance it is based on may be based on any
seminorm nw , such as nw (x , x ′) =

(∑m
j=1 w

j
∣∣x j − x ′j

∣∣r)1/r for

r ≥ 1. (Note that these are seminorms because some w j s may
vanish.) The key feature we need is that nw (x , x ′) = 0 iff x j = x ′j

for all j such that w j > 0. Second, one can select other decreas-
ing functions (rather than the exponential), as long as they vanish
at∞.]

Similarity functions that are negative exponentials of norms
on the Euclidean space were axiomatized by ref. 20. Refs. 12 and
19 specified the norm to be a weighted Euclidean distance. We
use the extended nonnegative reals, R+ ∪{∞}= [0,∞], allowing
for the value w j =∞. Setting w j to ∞ would be understood to
imply sw (x , x ′)= 0 whenever x j 6= x ′j , but if x j = x ′j , the j th
summand in [2] will be taken to be zero. In other words, we
allow for the value w j =∞ with the convention that ∞· 0 = 0.
For the computational model, the value∞ will be considered an
extended rational number, denoted by a special character (say
“∞”). The computation of sw (x , x ′)first goes through all j ≤m ,
checking if there is one for which x j 6= x ′j and w j =∞. If this is
the case, we set sw (x , x ′) = 0. Otherwise, the computation pro-
ceeds with [2] where the summation is taken over all j s such that
w j <∞.

Empirically Optimal Similarity Function. How do individuals select
a similarity function? Evidence in refs. 6, 10, and 11 supports
the notion that individuals learn the weights that optimize their
performance in a classification task. The notion of second-order
induction is designed to capture this idea in the context of esti-
mation. It suggests that, within a given class of possible functions,
S, individuals choose one that fits the data best. [Note that
the axiomatic derivations mentioned above (18−20) rely on the
implicit assumption that the similarity function does not change
from one prediction problem to the next. It is natural, how-
ever, to think of first- and second-order induction occurring at
different time scales. The assessment of y based on x values
occurs continuously, while learning of the similarity function

10324 | www.pnas.org/cgi/doi/10.1073/pnas.1901597116 Argenziano and Gilboa
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occurs relatively infrequently. Thus, the axiomatic derivations
hold approximately, and the appropriate similarly function is
learned over longer time spans.

To what extent does a function “fit the data”? One pop-
ular technique to evaluate the degree to which a prediction
technique fits the data is the “leave-one-out” cross-validation
technique: For each observation i , one may ask what would
have been the prediction for that observation, given all of the
other observations, and use a loss function to assess the fit.
In our case, for a database B = ((xi , yi))i≤n and a similarity
function s , we simulate the estimation of yi , if only the other
observations ((xk , yk ))k 6=i were given, using the function s; the
resulting estimate is compared with the actual value of yi , and
the similarity is evaluated by the mean-squared error it would
have had.

Explicitly, we consider the set of similarity functions S =
{ sw | w ∈ [0,∞]m }. For w ∈ [0,∞]m , let

ys
i =

∑
k 6=i s

w (xk , xi)yk∑
k 6=i s

w (xk , xi)

if
∑

k 6=i s
w (xk , xi)> 0 and ys

i = y0 otherwise. Define the mean-
squared error to be

MSE (w) =

∑n
i=1 (ys

i − yi)
2

n
.

[Analogous results hold for other loss functions (such as the aver-
age absolute value of the deviations) and other cross-validation
techniques, as long as they yield 0 loss if, and only if, a perfect
fit is obtained in-sample.] We also assume that there is a pref-
erence for using fewer variables rather than more. A variable
with weight w j > 0 incurs some fixed cost associated with man-
aging it, collecting the data, recalling it, etc. Thus, in a way that
parallels the “adjusted R2” in regression analysis, we define the
adjusted MSE by AMSE(w , c)≡MSE(w) + c|supp (w)|, where
supp (w)≡

{
j ≤m | w j > 0

}
and c> 0. We also use supp(A) to

denote the set of supports of all of the weight vectors in A.
We intuitively think of an EOSF as a function sw that mini-

mizes the AMSE , but we need to be careful: The argmin of the
AMSE may be empty:

Observation 1. There are databases and c0> 0 such that, for every
0< c< c0,

arg min
w∈[0,∞]m

AMSE (w , c) = arg min
w∈[0,∞]m

MSE (w)=∅.

(Observation 1 is proved in SI Appendix). The reason that the
argmin of the MSE , and hence of the AMSE , may be empty is
that the MSE is well defined at w j =∞ but need not be contin-
uous there. We are therefore interested in vectors w that obtain
the lowest AMSE approximately. More precisely, we define the
ε-empirically optimal similarity function as follows:

Definition 1. For ε> 0, a function sw is an ε-empirically optimal
similarity function (ε-EOSF) if

w ∈ ε- arg minAMSE={
w ∈ [0,∞]m | AMSE (w , c)≤ inf

w′
AMSE

(
w ′, c

)
+ ε

}
.

The ε- arg minAMSE is, thus, the set of weight vectors that are
ε-optimal. We are interested in the shape of this set for small
ε> 0. We informally use the terms “an EOSF” to refer to a 0-
EOSF, if such exists, and to an ε-EOSF for a small ε if not, as
will be clear from the context.

Results
Almost Uniqueness. In this section we provide three results. Their
proofs are contained in SI Appendix . We first consider the case
in which there is an underlying functional relationship between
y and x , such that for some function f we have y = f (x ). This
implies, in particular, that yi depends only on (xi) and not on
past values of x or of y itself. The agents do not need to know
or assume that such a relationship exists, but we would expect
that, with sufficiently many observations that represent the entire
domain, they would figure it out. This is indeed the message of
the following result.

Assume that the observations (xi , yi) are i.i.d. For simplic-
ity, assume also that each x j

i and each yi are in the bounded
interval [−K ,K ] for K > 0. Let g be the joint density of x ,
with g (x )≥ η > 0 for all x ∈X ≡ [−K ,K ]m , and let a contin-
uous f :X → [−K ,K ] be the underlying functional relationship
between x and y so that yi = f (xi). [A similar result would hold
if we allow yi to be distributed around f (xi) with an i.i.d. error
term.] Refer to this data-generating process as (g , f ). Given such
a process, we say that a variable x j is informative if f is not con-
stant with respect to x j and denote by I (f ) the set of indexes j
such that x j is informative.

Proposition 1. Assume a data-generating process (g , f ) (where f is
continuous). Let there be given ν, ξ > 0. There are an integer N
and W ≥ 0 such that for every n ≥N , for any vector w such that
W ≤w j <∞ for all j ≤m we have

P (MSE (w)<ν)≥ 1− ξ,

where the probability P =P (n,m, g , f ) is the measure induced by
the process described above.

Conversely, if j ∈ I (f ), then for every W ≥ 0 and ξ > 0 there exist
ν > 0 and N such that, if w j ≤W , then, for every n ≥N ,

P (MSE (w)>ν)≥ 1− ξ.

Consequently, for every ξ > 0 there exist N and c0> 0 such that, for
every n ≥N , and every c< c0, 0<ε< c/2,

P (w ∈ ε-arg minAMSE =⇒ supp(w) = I (f ))≥ 1− ξ.

Proposition 1 deals with the case that yi is a continuous func-
tion of xi , fixed for all observations. Thus, the question is whether
an agent who thinks in terms of similar cases will be able to
predict y given x without knowing or even conceiving of such
a function.

Proposition 1 addresses this question by two statements and a
corollary. On the positive side, it guarantees that if the weights
attached to all variables are high enough (but finite) and there
are sufficiently many observations, then, with very high probabil-
ity, the MSE will be small. This is consistent with known results
about convergence of kernel estimation techniques (1, 2, 17)
although we are unaware of a statement of a result that directly
implies this one. On the other hand, the second part of Propo-
sition 1 states that, if the weight on an informative variable x j

is bounded, then the MSE will be bounded from below. Finally,
as a result, with very high probability, all of the weight vectors
in ε- arg minAMSE share the same support, namely the set of
informative variables.

Denoting a “ball” of ∞ as NW (∞) =
{
w ∈ [ 0,∞)m | w j ≥

W ∀j ≤m
}

, the first part of Proposition 1 states that, given (a
small) ν > 0, there exists (a large) W such that any point in
NW (∞) is, with high probability, in ν- arg minMSE ; the second
part states that, given (a large) W , there exists (a small) ν > 0
such that any point in ν- arg minMSE is, with high probability,
in NW (∞).
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These first two parts of Proposition 1 jointly establish that
the ε-EOSF is “almost unique.” Clearly, uniqueness in its lit-
eral sense cannot be expected, as we do not consider the
arg minAMSE (which may be empty) but the ε-arg minAMSE .
However, Proposition 1 states that this optimal set is closely
related to neighborhoods of infinity, NW (∞). In bold strokes,
the informative variables would be identified by the ε-EOSF as
having a high weight w j . Hence, under the conditions of Propo-
sition 1 different individuals who use nearly optimal similarity
functions are likely to converge to similar beliefs. If y = f (x )and
if we assume, for simplicity, that f depends on all variables, then
such individuals may assign different weights to the variables
in their similarity functions, but they should all be rather large
weights. As a result, in predicting any given yp they would use
only past observations with xi values that are very close to xp for
making predictions. Given continuity of f (x ), their predictions
will not vary significantly.

The paradigmatic example in which Proposition 1 applies is
experimentation. If reality is simple enough to have y = f (x ),
and one can conduct many independent experiments for a variety
of x values, one would learn the relationship without needing to
assume that a functional relationship exists or to state the find-
ings in the language of such a relationship. Using an ε-EOSF
would be enough to guarantee that the agent makes predictions
as if she realized that the functional relationship existed. Propo-
sition 1 can thus explain how different agents converge on the
belief that water boils at 100 ◦C, with some corrections for the
air pressure, but disregarding other variables such as the iden-
tity of the person who conducts the experiment. Assume instead
that the agents are interested in the possibility of a revolution or
a financial crisis. The number of relevant observations is rather
limited. One cannot run experiments on revolutions. Moreover,
the phenomenon of interest is highly complex, and a large vari-
ety of variables might a priori be relevant to its prediction. Thus,
rather than thinking of n as large relative to m , we consider
the opposite case, in which there are many variables relative to
observations.

Formally, given n,m , assume that for each i ≤n , yi is drawn,
given (yk )k<i , from a continuous distribution on [−K ,K ]with a
continuous density function hi bounded below by η > 0. Let v be
a lower bound on the conditional variance of yi (given its pre-
decessors). Next assume that, for every j ≤m and i ≤n , given
(yi)i≤n ,

(
x l
i

)
i≤n,l<j , and

(
x j
k

)
k<i , x j

i is drawn from a continuous
distribution on [−K ,K ] with a continuous conditional density
function g j

i bounded below by η > 0. Thus, we allow for a rather
general class of data-generating processes, where, in particular,
the x s are not constrained to be independent. (The assumption
of independence of the yis is used only to guarantee that each
observation yi has sufficiently close other observations, and it can
therefore be significantly relaxed.)

The message of the following result is that as the number of
observations, n , grows, if the number of variables, m , grows suffi-
ciently fast, then the ε-EOSF is nonunique in a fundamental way:
There are weight vectors in the ε-arg minAMSE that assign pos-
itive weight to distinct sets of variables, but not to their union.
The fact that the ε-arg minAMSE is not a singleton is hardly
surprising, as we allow the AMSE to be ε-away from its infimum
and thus expect the ε-arg minAMSE to be a set of weights w
with a nonempty interior. Indeed, this was found to be the case
even under the conditions of Proposition 1, which we interpret as
a learning result of an almost-unique similarity function. But the
following proposition suggests that, assuming a process as dis-
cussed here, the nonuniqueness of the weights of the ε-EOSF
is not a matter of approximations. More precisely, the set of all
supports of the weight vectors in the ε-arg minAMSE will typi-
cally not be closed under union. For example, we might find one
ε-EOSF whose weight vector has a support J ⊂M and another
such function whose corresponding support is a distinct J ′, while

no ε-EOSF assigns positive weights to all of the variables in
J ∪ J ′. Hence, agents who seek an ε-EOSF to explain the data
may believe either that J is the set of predictors or that J ′ is, but
none would adopt both sets.

Proposition 2. Let there be given c ∈ (0, v/2). There exists ε̄ > 0
such that for all ε∈ (0, ε̄) and for every δ > 0 there exists N =
N (c, ε, δ)such that for every n ≥N there exists M (n) such that for
everym ≥M (n), denoting byP =P

(
n,m, (hi)i≤n ,

(
g j
i

)
j≤m,i≤n

)
the measure induced by the process described above,

P (supp(ε- arg minAMSE) is not closed under union)≥ 1− δ.

Proposition 2 suggests a result that is, in a sense, the opposite
of Proposition 1: The latter proved that, with very high proba-
bility, the ε-EOSF will be almost unique, with the support of
the EOSF weight vectors including all informative variables; the
present result shows that, with very high probability, the supports
of the weight vectors of the ε-EOSFs will include distinct sets of
variables but not their union. (The proof shows that these sets
can also be disjoint.)

Which assumptions are responsible for these starkly different
conclusions?

Two main differences arise when comparing the conditions
of the two propositions: First, Proposition 1 assumes that there
exists an underlying functional relationship f between x and y ,
such that each yi depends only on the observed xi . Thus, there is
something to be learned. And, indeed, the reason that different
ε-EOSFs need to be close to each other, or at least to provide
close predictions, is that they all uncover the same “truth.” By
contrast, no such underlying relationship is assumed in Proposi-
tion 2. Thus, convergence to the truth cannot serve as an engine
of agreement.

Second, the order of quantifiers is reversed in the two propo-
sitions: In Proposition 1 it is assumed that the number of pre-
dictors, m , is fixed, and the number of observations is driven
to infinity. By contrast, Proposition 2 assumes almost the oppo-
site. True, the number of observations, n , is not held fixed; but
the number of variables grows relative to n . (Holding n fixed, a
perfect fit for the yis will not be obtained even if m grows to infin-
ity.) Thus, uniqueness (as in Proposition 1) is possible because
there are relatively many observations and few variables, and it
is impossible (in Proposition 2) if the converse is true.

Intuitively, the reason that Proposition 2 holds is that, with a
large set of randomly drawn variables, there is a high probabil-
ity that a subset thereof (and even a single one) would provide
a near-perfect fit. As this holds for any large enough set of vari-
ables, there will be disjoint sets that provide near-perfect fit, and
thus the ε-EOSF will be nonunique in a way that we think of as
“fundamental.”

Complexity. Proposition 2 suggests one reason why rational
agents faced with the same prediction problem might adopt simi-
larity functions with very different weights and therefore disagree
in their predictions. In this subsection, we present a second rea-
son why this may occur: As the number of possible predictors in
a database grows, so does the complexity of finding the ε-EOSF,
even if it is almost unique. Formally, we define the following
problem.

Problem 1 (ε-EOSF). Given integers m,n ≥ 1, a database of ratio-
nal valued observations, B = ((xi , yi))i≤n , and (rational) numbers
c,R≥ 0, is there a vector of extended rational nonnegative numbers
w such that AMSE(w , c)≤R?

And we can state the following:

Theorem 1. ε-EOSF is NPC.
Theorem 1 states that Problem 1 is computationally hard:

There is no known algorithm that can solve it in polynomial time.
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It follows that, when many possibly relevant variables exist, as
in the case of predicting a social phenomenon, we should not
assume that people can find an (or the) ε-EOSF.

The key assumption that drives the combinatorial complexity
is that there is a fixed cost associated with including an addi-
tional variable in the similarity function. That is, the AMSE is
discontinuous at w j = 0. This discontinuity at 0 adds the combi-
natorial aspect to the AMSE minimization problem and allows
the reduction of combinatorial problems used in our proof. The-
orem 1 does not directly generalize to an objective function that
is continuous at zero and it is possible that it does not hold in this
case. [See also ref. 21, which finds that the fixed cost for includ-
ing a variable is the main driving force behind the complexity of
finding an optimal set of predictors in a regression problem (as
in ref. 22).]

Second-Order Induction and Learnability. Our analysis can be
viewed as adding to a large literature on what can and what can-
not be learned. We consider the problem of predicting yp based
on a database (xi , yi)i≤n and the value of xp allowing for three
types of setups:

i) There exists a basic functional relationship, y = f (x ), where
one may obtain observations of y for any x one chooses to
experiment with.

ii) There exists a basic functional relationship, y = f (x ), and
one may obtain i.i.d. observations (x , y), but cannot control
the observed x s.

iii) There is no bounded set of variables x such that yi depends
only on xi , independently of past values.

Setup i is the gold standard of scientific studies. It allows test-
ing hypotheses, distinguishing among competing theories, and so
forth. However, many problems in fields such as education or
medicine are closer to setup ii. In these problems one cannot
always run controlled experiments, be it due to the cost of the
experiments, their duration, or the ethical problems involved.
Still, statistical learning is often possible. The theory of statistical
learning (23) suggests the Vapnik–Chervonenkis (VC) dimen-
sion of the set of possible functional relationships as a litmus test
for the classes of functions that can be learned and those that
cannot. Finally, there are problems that are closer to setup iii.
The rise and fall of economic empires, the ebb and flow of reli-
gious sentiments, social norms, and ideologies are all phenomena
that affect economic predictions, yet do not belong to problems
of type i or ii. In particular, there are many situations in which
there is causal interaction among different observations, as in
autoregression models. In this case we cannot assume an under-
lying relationship y = f (x ), unless we allow the set of variables x
to include past values of y , thereby letting m grow with n .

Our positive learning result (Proposition 1) assumes that there
is an underlying functional relationship of the type y = f (x ),
keeps m fixed, and lets n grow to infinity, as in setup ii. However,
it does not assume that the predictor is aware of the existence of
such a function, nor that she tries to learn it by selecting the best
fit from a given class F of functions of x . Rather, she predicts y
by averaging over its past values, as in kernel regression (1, 2).
Indeed, Proposition 1 is in the spirit of ref. 17 in showing that,
as n grows, kernel estimation with optimal kernel parameters
leads to good predictions. However, ref. 17 and the bulk of the
literature that followed focus on a single parameter, the kernel’s
bandwidth. In our model, a separate parameter is learned for
each variable: Agents learn which variables to attend to. In this
context, Proposition 1 might be viewed as saying that this addi-
tional freedom does not come at the expense of the optimality in
the results of ref. 17.

Our negative result (Proposition 2) may sound familiar: With
few observations and many variables, learning is not to be
expected. However, our notion of a negative result is starker than

that used in the bulk of the literature: We are not dealing with
failures of convergence with positive probability, but with conver-
gence to multiple limits. In particular, we conclude that, with very
high probability, there will be vastly different similarity functions,
each of which obtains a perfect fit to the data. When applied to
the generation of beliefs by economic agents, our result discusses
the inevitability of large differences in opinion.

Finally, our complexity result (Theorem 1) points at a differ-
ent difficulty: The task of finding the ε-EOSF is computationally
complex. There is no known algorithm that can find it in poly-
nomial time. Thus, even if the process is learnable in the sense
of being governed by a function from a low VC-dimension
class, agents using first- and second-order induction for their
predictions might still not be able to learn it correctly.

Discussion
Comparison with Regression. Similar results hold for linear regres-
sion. It is well known that if the underlying DGP is such that y
is a linear function of x (with random noise), the ordinary least-
squares (OLS) method would uncover the relationship when n
is large; that if, by contrast, m is larger than n , then, generically,
there will be multiple sets of variables that obtain a perfect fit
to the data; and also that finding the best set of predictors is
nondeterministic polynomial-time hard (22).

There are, however, important differences between the mod-
els. First, overfitting is not a problem for the similarity model
discussed here as it is for regression analysis. For example, for
a fixed number of observations, n , the number of predictors, m ,
can go to infinity without obtaining a perfect fit. The reason is
that, as opposed to regression analysis, in our model y cannot be
predicted as a function of the x variables directly. It is predicted
only as a function of other y values, where the x values mediate
this relationship via the similarity weights. To consider a stark
example, if the database consists of only two observations, with
y1 = 0 and y2 = 1, we obtain MSE = 1 for any set of predictors,
irrespective of how large m is and of the values of these x s. (This
is also the reason that Proposition 2 required a large n before
demanding that m be large relative to n .)

Second, OLS learning works well if the underlying relationship
is indeed linear. More generally, many learning methods work
well if the DGP belongs to a particular domain. By contrast, our
learning process assumes very little about the true DGP, thus
allowing agents to learn a variety of processes. One could argue
that, on top of its simplicity, this is a significant advantage from
an evolutionary viewpoint.

Compatibility with Bayesianism. There are several ways in which
the learning process we study can relate to the Bayesian
approach. First, one may consider our model as describing the
generation of prior beliefs, along the lines of the “small world”
interpretation of the state space (as in ref. 24, section 5.5).

Alternatively, one can adopt a “large world” or “grand state
space” approach, in which a state of the world resolves all uncer-
tainty from the beginning of time, and a prior is defined over the
space of all such states. This approach is also compatible with the
process we describe, when the prior beliefs assign high probabil-
ity to the data-generating process being governed by a similarity
function. In the context of equilibrium selection in a coordina-
tion game (such as a revolution), second-order induction may
thus define a natural focal point that Bayesian players would find
optimal to adhere to.

Agreement. Economic theory tends to assume that, given the
same information, rational agents would entertain the same
beliefs. In the standard Bayesian model, this assumption is incar-
nated in the attribution of the same prior probability to all
agents, and it is referred to as the “common prior assump-
tion.” Differences in beliefs cannot be commonly known, as
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proved by ref. 25 in the celebrated “agreeing to disagree”
result.

The common prior assumption has been the subject of heated
debates (see refs. 26 and 27, as well as ref. 28 in the context
of ref. 29). We believe that studying belief formation processes
might shed some light on the reasonability of this assumption.
Specifically, when adopting a small-worlds view, positive learn-
ing results (such as Proposition 1) can identify economic setups
where beliefs are likely to be in agreement. By contrast, neg-
ative results (such as Proposition 2) point to problems where
agreement is less likely to be the case.

The literature on polarization asks why agents can become
further entrenched in their world views, after observing the

same information. In ref. 30 disagreement is possible because
agents have different priors and use their current beliefs to inter-
pret ambiguous signals. In ref. 31 disagreement can occur when
agents observe imperfect private information about an ancillary
variable that affects the interpretation of evidence about the
proposition of interest. This paper can be viewed as contribut-
ing to this literature, suggesting that, if the ε-EOSF is not unique
or is hard to compute, agents might focus on different variables
and interpret new observations differently.
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