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Aggregation of Opinions
o Studied extensively within the Bayesian framework
@ Less so in the presence of uncertainty/ambiguity
@ This is the topic of this paper, ignoring
e Different utilities (Impossibility by Mongin, 1995)
e Manipulability (Impossibility by Gibbard-Satterthwaite, 1973)
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The Bayesian Case

Experts i =1,...,n

Each has a probability measure p; on the state space S

The decision maker (DM) has a vector of weights for the experts,
A = (A1,...,Ay) and uses a probability py defined by

po = po(A) = i)»;p/ (1)
i=1

Can be derived from a unanimity condition a la Harsanyi (1955)

Can be interpreted as a Bayesian belief if one expert knows the true
probability, and A is the DM’s belief about which expert it is.
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Knightian Uncertainty/Ambiguity

@ In many cases of interest, probabilities are not known

@ “Uncertainty” vs. “risk” in Knight's (1921) terms

e "Ambiguity” in Ellsberg’'s (1961) terms, showing violations of
Savage's P2

@ A rich history: Shafer (1986) argues that Bernoulli (1713) had
non-additive probabilities in mind for court cases

@ Main point: it is not about bounded rationality. It is not necessarily
more rational to pretend that one has probabilities than to admit that
one doesn't.
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How Do We Model Uncertainty?

@ Schmeidler (1989): Choquet Expected Utility wrt to a non-additive
probability (“capacity”)

@ Maxmin EU: there exists a set of probabilities C such that

V () = min /5 u (£ (s)) dP (s)
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We do not discuss here...

e Nau (2006), Klibanoff-Marinacci-Mukerji (2005): “smooth
preferences”
¢:R—R
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We do not discuss here...

e Nau (2006), Klibanoff-Marinacci-Mukerji (2005): “smooth
preferences”
¢:R— R

/A(S) ¢ (/ u(f) dp) dp

@ Maccheroni-Marinacci-Rustichini (2006): “variational preferences”

V (f) = min {./S.U(f(s))dP(s)Jrc(P)}

PeA(S)
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We do not discuss here...

e Nau (2006), Klibanoff-Marinacci-Mukerji (2005): “smooth
preferences”
¢:R— R

[0 ([ utrrap) an

@ Maccheroni-Marinacci-Rustichini (2006): “variational preferences”

V(f)= min {/su(f(s))dP(s)—{—c(P)}

PeA(S)

@ We assume the simple maxmin model.
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Uncertainty with Bayesian Experts

@ Each expert has p; and evaluates an act f by

J(f) = EU,(f)
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Uncertainty with Bayesian Experts

@ Each expert has p; and evaluates an act f by
J(f) = EUp(f)

@ The DM doesn’t know which vector of weights A to use and uses a
set A, defining a set of probabilities

C= {p: Z/\;p/|(/\1,...,)\n) € A}
i=1

where A C A({1,...,n})
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Uncertainty with Bayesian Experts

@ Each expert has p; and evaluates an act f by
J(f) = EUp(f)

@ The DM doesn't know which vector of weights A to use and uses a
set A, defining a set of probabilities

where A C A({1,...,n})
o If A'is a singleton, the decision maker is Bayesian
o If A =A({1,...,n}) the DM is maxmin over the experts

Aggregation of MP Opinions May 27, 2010

7/

16



Uncertainty with Uncertainty Averse Experts

@ Each expert has a set of probabilities C; and evaluates an act f by

Ji(f) = min EU,(f)

PE C/'

Aggregation of MP Opinions May 27, 2010 )
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@ Each expert has a set of probabilities C; and evaluates an act f by

Ji(f) = min EU,(f)

peC;

@ One possibility: have a set of weights A C A({1, ..., n}) and define
beliefs by

Co:{p:Z)\,-p,-MGA,p,-GC;}. (2)

i=1
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@ Each expert has a set of probabilities C; and evaluates an act f by

Ji(f) = min EU,(f)

peC;

@ One possibility: have a set of weights A C A({1, ..., n}) and define
beliefs by

Coz{p:xA/p;‘AEA,p/EC;}. (2)

i=1

@ Another possibility: let each expert compute her J;(f) and then

compute

A(F) = min EU,(f
Ji(f) min Up(f)
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Uncertainty with Uncertainty Averse Experts

@ Each expert has a set of probabilities C; and evaluates an act f by

Ji(f) = min EU,(f)

peC;

@ One possibility: have a set of weights A C A({1, ..., n}) and define
beliefs by

Coz{pzxA/p;‘AEA,p/EC;}. (2)

i=1

@ Another possibility: let each expert compute her J;(f) and then
compute

J:(f) = min EU,(f
() min b(f)

@ The two are equivalent (not hard to see)

@ Implied by a unanimity condition of sorts

0 Aggregation of MP Opinions May 27, 2010 )



Unanimity

@ Simple unanimity: if forall i=1,...,n
Ji(f) = Ji(f)

then
Jo(f) > Jo(f)
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Unanimity

@ Simple unanimity: if forall i=1,...,n
Ji(F) = Ji(f')

then
Jo(F) > Jo(f")

@ Doesn't suffice for our purposes
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Expert Uncertainty Aversion

@ There are three acts, f, f,

o All experts agree

H(F) 2 5h(R) + 5 4(5)

N

@ — Therefore, the DM also thinks

I(F) = 2 () + 3 ()
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Expert Uncertainty Aversion

@ There are three acts, f, f,

o All experts agree

H(F) 2 5h(R) + 5 4(5)

N

@ — Therefore, the DM also thinks
1 1
Jo(f) > EJO(fl) + EJo(fz)

@ The axiom requires this to hold for several fi's and any convex weight
vector
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Why “Uncertainty Aversion"?

@ Suppose that

51 So
i 1 0
L 0 1
f 05 05

@ Expert 1 believes (1,0), and expert 2 — (0, 1)
@ Both agree

Ji(f) < 54i(h) + J(fz)

l\)\l—l

@ Should the DM also think

(F) < S(R) + 5 b(5)
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Why “Uncertainty Aversion"?

@ Suppose that

51 So
i 1 0
L 0 1
f 05 05

o Expert 1 believes (1,0), and expert 2 — (0,1)
@ Both agree

Ji(f) < 54i(h) + J(fz)

l\)\l—l

@ Should the DM also think

(F) < S(R) + 5 b(5)

@ ... not if she is uncertainty averse: f offers state-by-state insurance,
which is valuable when the DM doesn’t know which expert is right.
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#1x|P(x) >0} < oo,
L:{P:XH[O,l] {Z‘X;L(x)}:l }

Aggregation of MP Opinions May 27, 2010



The Model (Anscombe-Aumann/Fishburn)

@ X — a set of outcomes
@ S — a finite set of states
@ The set of vINM lotteries

#{x|P(x) >0} < oo,
L:{P:X—>[0,1] {Z|:x6(><33(x)}zl }

@ Mixture operation: for every P, Q € L and every o € [0, 1},
aP+ (1 —a)Q € Lis given by

(aP+(1-a)Q) (x) =aP(x)+ (1 —a)Q(x).
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@ X — a set of outcomes
@ S — a finite set of states
@ The set of vINM lotteries

#{x|P(x) >0} < oo,
L:{P:X—>[0,1] {Z|:x6(><33(x)}zl }

e Mixture operation: for every P, Q € L and every a € [0, 1],
aP+(1—a)Q € L is given by

(aP+ (1 —a)Q) (x) =aP(x) + (1 —a)Q(x).

@ Acts
F:{f:S%L}
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The Model (Anscombe-Aumann/Fishburn)

@ X — a set of outcomes
@ S — a finite set of states
@ The set of vINM lotteries

#{x|P(x) >0} < oo,
L:{P:X—>[0,1] {Z|:x6(><33(x)}zl }

e Mixture operation: for every P, Q € L and every a € [0, 1],
aP+(1—a)Q € L is given by

(aP+ (1 —a)Q) (x) =aP(x) + (1 —a)Q(x).

o Acts
F={f:S—L}

@ Forevery f,g € Fandeverya € [0,1], af + (1 —a)g € F is given by

(af + (1 —a)g) (s) = af(s) + (1 —a)g(s).
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Assumptions on Individual Preferences

@ Binary relations =—;C F x F i=0,1,...,n

@ (i), extended to L and >, ~; defined as usual

e fgr € F is the constant act given by fg(s) = Rforalls€ S
@ F. — all constant acts.
°

Each of ~—; is maxmin EU: there exist a non-constant utility

~!

ui : X — IR and a convex and closed set of measures on S, C;, such

that
fzig iff Ji(f) = Ji(g)
where
Ji(f) = Jyc.(f) = min /u(f)dp. (3)
peC; .

Moreover, (uj, C;) are the unique pair that represents 2Z; as in (3) (up
to an increasing affine transformation of ;).
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@ Assume u; = u (or: all 7Z; agree on the rankings of pairs from F.)

@ Richness condition: denote by B(J) the range of the vector-valued
map J = (J1, -+, Jn) : F — R".

@ Assuming that
0 € int(conv(range(u))
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Assumptions on Consistency across Preferences

@ Assume u; = u (or: all 7Z; agree on the rankings of pairs from F.)
@ Richness condition: denote by B(J) the range of the vector-valued
map J = (Ji,---,Jn) : F— R".
@ Assuming that
0 € int(conv(range(u))

e Assumption A: coB(J) N (Ry)" =spanB(J) N (Ry)".

@ Meaning: a bit of richness. Note that full dimensionality is not
required.
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The Main Axiom: Expert Uncertainty Aversion (EUA)

@ Foreveryactsf € F, fr € F, k=1,..., K, and every numbers
ty > 0 such that Yoy =1
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The Main Axiom: Expert Uncertainty Aversion (EUA)
o Foreveryactsf € F, fre F, k=1,..., K, and every numbers
ay > 0 such that Y_a, =1
o if
J,(f) 2 szkJ,-(fk)for i=1,..., n
k

@ then
Jo(f) > Z“k-jo(fk)-
k
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The Main Axiom: Expert Uncertainty Aversion (EUA)
o Foreveryactsf € F, fre F, k=1,..., K, and every numbers
ay > 0 such that Y_a, =1
o if
J,(f) 2 Zakj,-(fk)for i=1,..., n
k

@ then
Jo(f) Z Zﬂck.fo(fk).
k

@ Stated in terms of the valuations J; — can be translated to certainty
equivalents
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Main Result

Theorem
@ The following three conditions are equivalent:

(i) (i)l satisfy EUA
(ii) There is a convex and closed set A C A({1,...,n}) such
that

Jo(f) = min Y Aidi(f).
i=1

(iii) There is a closed and convex set A C A({1,..., n}) such
that

COI{PIZ:)\/P/ |)‘€AvPIGCi};

i=1
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Main Result

Theorem

@ The following three conditions are equivalent:
(i) (i)l satisfy EUA

(ii) There is a convex and closed set A C A({1,...,n}) such
that

Jo(f) = min Y Aidi(f).
i=1

(iii) There is a closed and convex set A C A({1,..., n}) such
that

COI{PIZ:)\/'P:' |)‘€AvPIGCi};

i=1

@ The sets A are generally non-unique (say, if all experts agree on
everything)

@ However, any A that satisfies (ii) satisfies (iii) and vice versa
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