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Example 1

• Anne wants to get from Paris to Hanoi

• She knows of two stories

• Jean flew from Paris to Bangkok and then – to Melbourne

• Patricia flew from SF to Bangkok and then – to Hanoi

• Anne has a great idea:
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Anne’s Plan
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Paris Bangkok Hanoi

Jean’s Story

Paris Bangkok Melbourne

Patricia’s Story

SF Bangkok Hanoi



Example 2

• Claire has an idea for a startup.  She needs $1M to hire 

programmers

• She knows of two stories

• Mike took a loan of $1M for other purposes (he already had programmers)

• Diane hired a progammer team for $1M (she had her own funds)

• Claire devises a plan:
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Claire’s Plan
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0,0,0, …

Mike’s Story Diane’s Story

𝐹𝑢𝑛𝑑𝑠, 𝐷𝑒𝑏𝑡, 𝑃𝑟𝑜𝑔, …

1,1,0, … 0,1,1, …

0,0,1, … 1,1,1, … 10,0,0, … 9,0,1, …



Case-Based Planning

• A plan is a sequence of transitions from one position to the next

• Each transition is similar to a case encountered in the past

• The planner doesn’t invent totally new cases

• While planned transitions have to be similar to cases that appeared in the  

past, they are limited neither to in a single story, nor to the order of cases 

in past stories

• Planning involves selection and recombination 
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Modes of Reasoning

• Case-based planning thus somewhere between case-based decision 

theory and full Bayesian rationality

• Case-based decision theory only looks back at past cases

• Our reasoner can think about the future, too

• Bayesian reasoning requires thinking about everything and anything

• Our model is a bit more realistic (and this is the gist of the main result)
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The Model

• A position – 𝑥 = 𝑥1, 𝑥2, … , 𝑥𝑚 ∈ ℜ+
𝑚

• We consider a directed graph of positions

• A case 𝑥, 𝑦  – an edge connecting two positions 

• 𝑥, 𝑦 ∈ ℜ+
𝑚

• A plan – a path in the graph

• A plan to reach 𝑦 from 𝑥 – a path from 𝑥 to 𝑦
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Where Do Cases Come From?

• We assume that the reasoner/planner has a memory of stories 

• Each story is a path, connecting positions via cases

• A memory is simply a set of cases

• 𝑀 where 𝑐 ∈ 𝑀  is a pair 𝑐 = 𝑧, 𝑤   𝑧, 𝑤 ∈ ℜ+
𝑚

• In the definition of memory we suppress the information about which 

cases appeared together in a given story, in which order, etc.
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Anne’s Plan – formally
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1,0,0,0,0

Jean’s Story

1,0,0,0,0

0,1,0,0,0 0,0,1,0,0

0,1,0,0,0 0,0,0,1,0

Patricia’s Story

0,0,0,0,1 0,1,0,0,0 0,0,1,0,0

𝑥1, 𝑥2, … , 𝑥5  – 𝑥𝑗 = indicator for presence in city 𝑗 



A Simple 𝑀-Plan

• The cases along the path from 𝑥 to 𝑦 have to be identical to past 

cases in 𝑀

• This was the case in Anne’s plan:

 1,0,0,0,0

 0,1,0,0,0  

 0,0,1,0,0
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Appeared in Jean’s story (exactly)

Appeared in Patricia's story (exactly) 



A (general) 𝑀-Plan

• The cases along the path from 𝑥 to 𝑦 have to be similar to past 

cases in 𝑀

• This was the case in Claire’s plan:

 0,0,0, …

 1,1,0, …

 0,1,1, …
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Mike’s story included  0,0,1, …  1,1,1, …

Diane’s story included 10,0,0, …  9,0,1, …



Similarity

• Can be a general binary relation on cases

• Can also be measured to a numerical degree

• (Though we will have to decide what to do with these numbers)

• Here we define a very simple relation: 

𝑥, 𝑦  is similar to 𝑧, 𝑤  

𝑦 − 𝑥 = 𝑤 − 𝑧
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Why Equality of Differences?

Three reasons (to be elaborated on shortly):

1. It means ignoring variables that do not change 

2. Difference vectors add up intuitively

3. Difference vectors are natural for economic resources 

  – But it’s only a model
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Ignoring variables that do not change

If

𝑦 − 𝑥 = 𝑤 − 𝑧

we ignore variables that are the same at 𝑥 and 𝑦 – as well as they are also the 

same at 𝑧 and 𝑤

• Intuitively, some assumption of “independence” (of the unaffected variables)

• It is certainly not guaranteed to work

• But may be good enough for modeling planning
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Adding Up Difference Vectors

Differences along a path collapse telescopically:

• As in Anne’s plan:

  𝑥 = 1,0,0,0,0

  𝑦 = 0,1,0,0,0  

  𝑧 = 0,0,1,0,0
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𝑦 − 𝑥 = −1, +1,0,0,0

𝑧 − 𝑦 = 0, −1, +1,0,0

𝑧 − 𝑥 = −1,0, +1,0,0



Natural for Economic Resources

As in Claire’s plan:

  𝑥 = 1,1,0 …

  𝑦 = 0,1,1 …  

• … is based on the fact that Diane hired programmers for $1M

• Clearly, this assumption is in conflict with decreasing marginal productivity

• But, again, this is only a model of imagination
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𝑦 − 𝑥 = −1,0, +1 …



A “Model of Imagination”?

We ignore at least four major issues that are crucial to planning:

• Agency

• Is it up to me (to go from 𝑥 to 𝑦)? 

• Utility

• How bad will it be along the way? 

• Probability

• And what if not?

• Time 

• How long will I be along the way?

18



A “Model of Imagination” – Cont.

• We are actually thinking of a “proto-plan”

• It will need to be specified with all of the above

• It’s a bit like “strategy” vs. “tactics”

• Unfortunately, NOT like a “strategy” in game theory, which is very precise

• We’re interested in modeling free imagination, as in brainstorming
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In Short
• A position – 𝑥 = 𝑥1, 𝑥2, … , 𝑥𝑚 ∈ ℜ+

𝑚

• A case 𝑥, 𝑦  an edge connecting two positions 

• A memory 𝑀 – a set of cases

• A 𝑀-plan of length 𝑘 to get to reach 𝑦 from 𝑥 is 𝑥0 = 𝑥, 𝑥1, … , 𝑥𝑘 = 𝑦

 Such that ∀𝑙 ≤ 𝑘 ∃𝑐 = 𝑧, 𝑤 ∈ 𝑀  with 𝑥𝑙 − 𝑥𝑙−1 = 𝑤 − 𝑧

• It is a simple 𝑀-plan if 𝑥𝑙 = 𝑤 and 𝑥𝑙−1 = 𝑧
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Problems – Given length

• SIMPLE-PLAN: Given 𝑀, 𝑥, 𝑦 ∈ ℜ+
𝑚,  and 𝑘 ≥ 1, does there 

exist a simple 𝑀-plan reaching 𝑦 from 𝑥 of length ≤ 𝑘 ?

• PLAN: Given 𝑀, 𝑥, 𝑦 ∈ ℜ+
𝑚,  and 𝑘 ≥ 1, does there exist an 𝑀-

plan reaching 𝑦 from 𝑥 of length ≤ 𝑘 ?
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Problems – Any length

• SIMPLE-PLAN*: Given 𝑀 and 𝑥, 𝑦 ∈ ℜ+
𝑚, does there exist a 

simple 𝑀-plan reaching 𝑦 from 𝑥?

• PLAN*: Given 𝑀 and 𝑥, 𝑦 ∈ ℜ+
𝑚, does there exist an 𝑀-plan 

reaching 𝑦 from 𝑥?
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Theorem

SIMPLE-PLAN and SIMPLE-PLAN* are polynomial

By contrast, PLAN is NP-Complete and PLAN* is NP-Hard

Thus, it is, in general, hard to come up with a plan  

Imagination is not easy to automate/learn/teach
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Simple Plans?

• There are always additional variables that make cases unique

• Such as the exact time and place of occurrence

• Hence the negative result 

about the high complexity of plans 

   is more convincing that the positive one 

about the low complexity of simple plans
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Notions of Expertise

Or: why would we consult an expert/coach/mentor… ?

• Information: having a larger memory (database)

• Insight: a better similarity function

• NP-Hard (Argenziano and Gilboa, 2019)

• Imagination: seeing a plan

• NP-Hard (the present paper)
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So What Do We Do?

Two heuristics suggest themselves:

• Lexicographic: try to obtain the right value of 𝑥1, then move on to 𝑥2 

– hoping not to undo 𝑥1 etc.

• Aggregative: try to lump together a few variables into one, by 

addition

• Such as “Bangkok” and “Hanoi” become “The Far East”

• Summing up funds in different accounts, loans from different banks…
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Brainstorming

Can help by:

• Increasing the probability that someone would see a sub-path

• Increasing the probability that sub-paths would generate a path

Though beyond a certain group size communication costs may be 

outweigh these benefits

27



Generalizations

• An explicit, and more general notion of similarity of cases

• Ranges of values of variables

• Similarity that’s defined on sub-paths, not only cases
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