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The Bayesian Approach

Formulation of a state space, where each state �resolves all
uncertainty�

Formulation of prior probability on the states space

Updating of the prior according to Bayes�s rule

Sometimes: also maximizing EU wrt to the probability
(Not essential, but often axiomatized with the prior.)
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Example: Probability of Heart Attack

John is 70 years old

smokes

no blood pressure problem

total cholesterol level 310 mg/dL

HDL-C (good cholesterol) of 45 mg/dL

systolic blood pressure is 130.

What�s the probability of a heart attach in the next 10 years?
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Estimates from Web Sites
Mayo Clinic 25%
National Cholesterol Education Program 27%
American Heart Association 25% (using additional data)
Medical College of Wisconsin 53%
University of Maryland Heart Center 50%
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Other Examples

Global warming (assuming data are correct)

(cf. debate between Profs. Weitzman and Nordhaus)

Recovery from economic crisis

In�ation estimates

Intentions of world leaders...

In short, opinions vary

Is it rational to cling to a unique probability estimate knowing that
others have di¤erent estimates?
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Does Rationality Necessitate Bayesianism?
(See Gilboa, Postlewaite, and Schmeidler, 2009, 2010)

Ramsey (1931) and de Finetti (1931): unless one behaves as if one
had a prior, inconsistencies will arise

Savage�s (1954) axiomatic derivation is beautiful, deep, and
compelling

But it may be misleading:

Completeness is much more convincing for raw preferences than for
reasoned choice

In fact, it can be circular in cases such as �what�s the probability
of economic recovery?�
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Does Rationality Necessitate Bayesianism? (II)

Other axioms are compelling for a small, concrete, state space with
repeated choices

But not for large, theoretically-constructed, single-shot state space

For example: Bush has to decide whether to save Lehman Brothers
The state will never be observed
(the decision will determine the information partition, but no

single state is ever observable)
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Does Rationality Necessitate Bayesianism? (III)

To consider an extreme case: you see a title �Abordytes and
Cyclophines�

What�s the probability that all Abordytes and Cyclophines?

You don�t even know if these are names of enzymes, ancient
languages, or Abelian groups...

This means that a system of axioms that implies that you should have
a probability over such events may be less compelling than it appears.
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A Weakness of the Bayesian Approach

The Bayesian approach is very good at representing knowledge, belief,
and intuition

Indeed, it is a fantastic tool to reason about uncertainty (cf.
�paradoxes�)

But it is rather poor at representing ignorance
It does not allow us to say �we don�t have the foggiest idea�

Assuming unbounded rationality, one can always de�ne a canonical
state space (which describes anything and everything which may be of
interest)

But not a canonical prior over it

The further back we go, the larger is the state space, and the more
arbitrary the prior
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Does Rationality Necessitate Bayesianism? (IV)

We hold that it is more rational to admit that we don�t know that
which cannot be known, than to pretend than we do

Hence in some situations it may be less rational to be Bayesian than
to be non-Bayesian

In particular, in all domains of science we use classical statistics, not
committing to a single prior over the possible distributions

Whenever subjective priors vary signi�cantly, one is led to ask, how
rational is it for me to cling to my own subjective assessment, if I
can�t convince others of it?
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History

Dual use of probability: empirical frequencies in games of chance and
a subjective tool to quantify beliefs

Dates back to Pascal and Leibniz (cf. Pascal�s Wager)

Early on there were debates re whether all uncertainty can be
quanti�ed

Shafer (1986) argues that doubts can be found in Bernoulli (1713)

Revived in the 1920s, with Keynes (1921) and Knight (1921) arguing
against the Bayesian approach, and Ramsey (1931) and de Finetti
(1931) promoting it
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Background

Undoubtedly, the Bayesian approach is immensely powerful and
successful

Used in statistics, machine learning and computer science, philosophy
of science...

However, in most of these, only for a restricted state space
Typically, a set of parameters that does not grow with the

database

By contrast, in economics, it has been applied to the �Grand State
Space�
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The �Grand State Space�
(See Gilboa, Postlewaite, and Schmeidler, 2009, 2010)

Common practice in economic theory: any question that can be
relevant should be part of the de�nition of a �state�

A state is thus a description of all human (and natural) history from
days of yore

By de�nition we only observe one state, and never have the chance to
repeat the experiment

The prior over the grand state space is arbitrary
any information that may be helpful in formalizing it should be

incorporated into the description of the decision problem, shifting the
problem of prior formulation one stage up

Gilboa () Ambiguity and the Bayesian Approach November 1, 2011 13 / 30



The �Grand State Space�
(See Gilboa, Postlewaite, and Schmeidler, 2009, 2010)

Common practice in economic theory: any question that can be
relevant should be part of the de�nition of a �state�

A state is thus a description of all human (and natural) history from
days of yore

By de�nition we only observe one state, and never have the chance to
repeat the experiment

The prior over the grand state space is arbitrary
any information that may be helpful in formalizing it should be

incorporated into the description of the decision problem, shifting the
problem of prior formulation one stage up

Gilboa () Ambiguity and the Bayesian Approach November 1, 2011 13 / 30



The �Grand State Space�
(See Gilboa, Postlewaite, and Schmeidler, 2009, 2010)

Common practice in economic theory: any question that can be
relevant should be part of the de�nition of a �state�

A state is thus a description of all human (and natural) history from
days of yore

By de�nition we only observe one state, and never have the chance to
repeat the experiment

The prior over the grand state space is arbitrary
any information that may be helpful in formalizing it should be

incorporated into the description of the decision problem, shifting the
problem of prior formulation one stage up

Gilboa () Ambiguity and the Bayesian Approach November 1, 2011 13 / 30



The �Grand State Space�
(See Gilboa, Postlewaite, and Schmeidler, 2009, 2010)

Common practice in economic theory: any question that can be
relevant should be part of the de�nition of a �state�

A state is thus a description of all human (and natural) history from
days of yore

By de�nition we only observe one state, and never have the chance to
repeat the experiment

The prior over the grand state space is arbitrary
any information that may be helpful in formalizing it should be

incorporated into the description of the decision problem, shifting the
problem of prior formulation one stage up

Gilboa () Ambiguity and the Bayesian Approach November 1, 2011 13 / 30



The �Grand State Space� (II)

An approach that probably started with de Finetti and Savage
(though Savage also ridiculed its theoretical nature)

Received a major extension with Harsanyi and Aumann
who refers to �the Harsanyi Doctrine�

It is unique to economic theory

Applications in statistics and machine learning, and even in
philosophy of science, are much more modest

Indeed, these barely deal with unique, non-replicated, and global
events such as wars

It is in the latter applications that we doubt the Bayesian approach
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Ellsberg�s Paradox

One urn contains 50 black and 50 red balls

Another contains 100 balls, each black or red

Do you prefer a bet on the known or the unknown urn?

Many prefer the known probabilities

This is inconsistent with the Bayesian approach

Still, many insist on this choice even when the inconsistency and
Savage�s axioms are explained to them
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Ellsberg�s Paradox (II)

People ofter prefer known to unknown probabilities

This is known as �ambiguity aversion�or �uncertainty aversion�

This is reminiscent of (and arguably the reason for) the �home bias�:
people prefer trading domestic stocks to foreign ones (Epstien and
Miao, 2003)
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Ellsberg and Schmeidler

Ellsberg�s paradox may be misleading
If one wishes to be Bayesian, it is easy to adopt a prior in this

example (due to symmetry)

But this is not the case in real life examples of wars, stock market
crashes, etc.

Indeed, Schmeidler�s critique was based on the cognitive implausibility
of the Bayesian approach, and not on the results of an experiment
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Anscombe-Aumann�s Framework

X �outcomes

∆(X ) ��nite support lotteries on X
S �states of the world

Σ �algebra on S

F = ff : S ! ∆(X ) jsimple, Σ-measureable g �acts
% on F
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Anscombe-Aumann�s Axioms
% on F is:

AA1 weak order (complete and transitive)

AA2 monotone (pointwise)

AA3 independent: 8f , g , h 2 F , 8α 2 (0, 1)

f � g ) αf + (1� α)h � αg + (1� α)h

AA4 Archimedean (as in vNM)

AA5 non-trivial (there are f , g such that f � g)
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Anscombe-Aumann�s Theorem

Theorem
Let % be a preference de�ned on F . The following conditions are
equivalent:

(i) % satis�es axioms AA.1-AA.5;

(ii) there exists a function u : X ! R and a probability measure
P : Σ ! R such that, for all f , g 2 F , f % g if and only if

Z
S

0@ ∑
x2supp f (s)

u(x)f (s)

1A dP (s) � Z
S

0@ ∑
x2supp g (s)

u(x)g (s)

1A dP (s) .
Moreover, P is unique and u is cardinally unique.
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Ambiguity in Anscombe-Aumann�s Framework

The culprit: the independence axiom

Consider two states S = f1, 2g

f = (1, 0) g = (0, 1)

Out of ignorance, f � g
But

1
2
f +

1
2
g = (0.5, 0.5)

provides hedging and is better than both f and g .
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Comonotonic Independence

Schmeidler (1989): restrict the independence axiom

S.3 8f , g , h 2 F , 8α 2 (0, 1)

f � g ) αf + (1� α)h � αg + (1� α)h

to the case that all three acts are pairwise comonotonic

i.e., it never happens that one increases between two states while the
other decreases

... and thus hedging is ruled out
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Choquet EU (Schmeidler, 1989)

v : Σ ! [0, 1] is a capacity if
ν(?) = 0 and ν(S) = 1
E � E 0 implies ν(E ) � ν(E 0)

Choquet integral of for φ � 0Z
φ dν =

Z ∞

0
ν (fs 2 S : φ (s) � tg) dt
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Choquet EU (II)
Schmeidler (1986, 1989):

Theorem
Let % be a preference de�ned on F . The following conditions are
equivalent:

(i) % satis�es axioms AA.1, AA.2, S.3, AA.4, and AA.5;

(ii) there exists a function u : X ! R and a capacity ν : Σ ! R such
that, for all f , g 2 F , f % g if and only if

Z
S

0@ ∑
x2supp f (s)

u(x)f (s)

1A dν (s) �
Z
S

0@ ∑
x2supp g (s)

u(x)g (s)

1A dν (s) .

Moreover, ν is unique and u is cardinally unique.
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Another Restriction of Independence

To be on the safe side, assume only that (GS.3)

f � g ) αf + (1� α)h � αg + (1� α)h

holds when h is constant.

Add the Uncertainty Aversion S.6 (Schmeidler, 1986) axiom:

f � g ) 1
2
f +

1
2
g % f , g
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Maxmin EU (MMEU)
Gilboa-Schmeidler (1989):

Theorem
Let % be a preference de�ned on F . The following conditions are
equivalent:

(i) % satis�es axioms AA.1, AA.2, GS.3, AA.4, AA.5, and S.6;

(ii) there exists a function u : X ! R and a convex and compact set
C � ∆ (Σ) of probability measures such that, for all f , g 2 F ,

f % g , min
P2C

Z
S

0@ ∑
x2supp f (s)

u(x)f (s)

1A dP (s) � min
P2C

Z
S

0@ ∑
x2supp f (s)

u(x)f (s)

1A dP (s) ,
Moreover, C is unique and u is cardinally unique.
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Variational Preferences

A further restriction of independence by Maccheroni, Marinacci, and
Rustichini (2006) yields

min
p2C

�Z
u(f ) dp + c(p)

�
where c is convex (with min c = 0)

This generalizes the multiplier preferences used by Hansen and
Sargent (2001,...,2008)

V (f ) = min
P2∆(S )

�Z
S
u (f (s)) dP (s) + θR (PkQ)

�
,
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Smooth Preferences

Isn�t the minimum a bit extreme?

An alternative (to the MMEU model):

Take a second-order probability measure, µ, over the possible priors
∆(S)
Consider some integration of the expected values of an act f ,R
u(f ) dp

But in a non-linear way...
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Smooth Preferences (II)

For an increasing
ϕ : R ! R

Consider maximization ofZ
∆(S )

ϕ

�Z
u(f ) dp

�
dµ

Axiomatized by Klibano¤, Marinacci, Mukerji (2005), Nau (2006),
Seo (2008)
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Which Model Should We Use?

It is hard to tell, at present, whether one model will be �the best�,
and certainly not which one it might be

We should also be open to the possibility that for di¤erent
applications di¤erent models will be most appropriate

The Bayesian is likely to remain the benchmark

But it is useful to test robustness of results by adding a bit of
ambiguity

It might not matter which model is used to test robustness of
qualitative results

Yet, it is important to perform this test, especially when things cancel
out too neatly.
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