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The General Question(s)

® How do people form beliefs?

> Whether Bayesian or not

® Understanding where beliefs come from will help us
> Tell whether they are probabilistic or less structured

» Which beliefs are formed (say, for equilibrium selection)

® Two major reasoning modes:
» Case-Based: analogies, case-to-case induction — similar to
nonparametric statistics (kernel methods, k-NN)
> Rule-Based: general theories, case-to-rule induction — similar

to parametric statistics



Association Rules — Examples

@ Predicting success of candidates to a PhD

» “Candidates from School A are successful”
or

» “Candidates who majored in math are successful”

® Predicting a war outcome

> “A larger army beats a smaller one”

© Predicting an election outcome

> “If there is a technological change, people get to have nicer
jobs”



How and When do Cases Become Rules?

Hume (1739, 1748) famously questioned the basis of
induction

> “That the sun will not rise tomorrow is no less intelligible a
proposition, and implies no more contradiction, than the
affirmation, that it will rise”

Quine (1969)

> “The Humean predicament is the human predicament”

Rather than being solved, the problem might have only been
aggravated

» Goodman’'s (1954) “grue-bleen paradox”



Association Rules

Association rules relate predicting variables z!,..., 2™ to a

consequent y
As in
» “If 2l =1 theny=1"
> “lfl’l — 1 and CCQ — 1 then y= 1u
Rules — regularities, tendencies, or even “proverbs”

> For each rule you may find counterexamples in the past data

» They may contradict each other



Association Rules — Background

Association rules have been widely used in different domains
to predict human behavior

Vast literature in Al/ML

» Unsupervised learning (looking for regularities in a database)

» Supervised learning (trying to learn a specific variable — as we
do here)

Hajek, Havel, and Chytil (1966)
Holland's (1975) Genetic Algorithms

» We are not modeling the “genetic” features here (crossover
and mutation...)

The good old days of Al...



Our Goals

Propose a simple model of association rules

Study its axiomatic foundations

> For descriptive and normative purposes

> For both humans and machines

Compare this form of rule-based reasoning with (a form of)
case-based reasoning
» Case-Based: analogies, case-to-case induction

> Rule-Based: general theories, case-to-rule induction

Be able to answer questions such as

» When do we need a rule-based and when a case-based model?

» Which association rules will be supported by which databases?



The Model



Setup

y €Y — an outcome

(2!,...,2™) — features where 27 € X7
m .

X = H X7
j=1

x € X — a prediction problem

(z,y) € X x Y — an observation

The binary case: X!'=...=X"=Y ={0,1}

For j <m, X* = X7 u{*} where x is the “don’t care” value
m

X =T]x*

=1



Association Rules — Formal Definition

An association rule is a pair (z,y) e X* xY

> Should the antecedent of the rule apply, the rule predicts y
When 27 € X7 (i.e., 2/ # #), the rule applies only if 27 = 27
When 27 = «, feature j doesn’t matter

The support of a rule (z,y) is

supp (2) = {1 j <m |20 % %)
z[*] — denotes z when supp (2) = @
2 applies at x if 27 = 27 for every j € supp (2)

» Obs. (z,y') satisfies the rule (z,y) if z applies at z and ¢’ =y

R=X*xY —set of all rules



Association Rules — Example

Consider the binary case with m =2
Recall: the symbol * stands for the “don’t care” value
A rule is a pair (z,y) such that z € {0,1,+}? and y € {0,1}
The (specific) rule
> “If 1 =1 and 2% = 1 then y = 1"

can be written as ((1,1),1)

A less specific one

» “f 2t =1 theny=1"
can be written as ((1,%),1)



Rules that Apply at a Problem — Example

Suppose we're faced with problem x = (1,1)

There are four rules that apply at x and predict y = 1:
1,2

z
1

— =W

%

S S

* 1
* * 1
. and four that apply at = and predict y =0
We will have a degrees of credence in rules, and will make the

prediction y that maximizes the total credence of the rules
that apply at = and predict y



Where Does Credence in Rules Come From?

® An intrinsic belief in a rule 0 : R = R
» o(z,y) a priori bias for the rule (z,y)
> degree to which it seems plausible

® A database D of past observations

» learning from the past

® no(z,y) degree of credence in the rule

» n is number of observations in D that satisfies the rule (z,y)

® (redence only accumulates

> We do not penalize rules for wrong predictions



Databases and Credence — Example
e Keep assuming binary case with m =2

® Consider the database D

b 2?2y
0o 1 1
1 0 1
1 1 0
1 1 1
1 0 O

® How much credence (support) does it lend to the various
rules?

® There are 32 x 2 =18 rules



Databases and Credence — Example

® For given intrinsic belief o and database D:

e e =
O = = O~ R
O = O = P

® What's the credence in rule ((1,1),1)7

® Therule ((1,1),1) will have C, p ((1,1),1) =0 ((1,1),1)



Databases and Credence — Example

® For given intrinsic belief o and database D:

= = = OR
O = = O = 8
O = O ==

® What's the credence in rule ((1,*),1)?

® Therule ((1,%),1) will have Cy p ((1,%),1) =20 ((1,%),1)



Databases and Credence — Example

® For given intrinsic belief o and database D:

zto2? oy
0O 1 1
1 0 1
1 1 0
1 1 1
1 0 O

® What's the credence in rule ((*,1),1)?

® Therule ((*,1),1) will have Cy p ((*,1),1) =20 ((*,1),1)



The Belief in an Outcome — Example
® We face problem z = (1,1)
® How likely is it to observe outcome y =17

® We go over all rules that
> Apply at z = (1,1)

> Predict the outcome y =1

® These rules are:
> (LD, ((1,%), 1) ((%1),1)  ((*,%),1)

® Add up their credence values to obtain the degree of belief in

y=1:

CU,D ((17 l)a 1) + CU,D ((17 *)? 1) + CJ,D ((*7 1)7 1) + CO',D ((*a *)7 1)



The Belief in an Outcome — Example Cont.

® Do the same for prediction y = 0 = Go over all rules that
> apply at z = (1,1)
> and predict the outcome y =0
® These rules are:
> ((1,1),0)  ((1,%),0)  ((x,1),0)  ((*,%),0)
® Add up their credence values to obtain the degree of belief in

y=0:

CU,D ((17 1)a0) + CU,D ((17 *)?0) + CJ,D ((*7 1)70) + CO',D ((*7 *)70)

® Make the prediction y that maximizes the total credence of

the rules that apply at x and predict y



Databases and Credence — Formal Definition

A database D is a counter vector, saying how many times

each observation appeared

D (z,y) >0 — number of times (z,y) was observed

Set of all databases:

D={D|D: X xY - Z,, Z D(x',y)<oo}
(2,y)eXxY

Given the intrinsic belief 0 : R — R and database D, the

credence function C, p: R — R is

CU,D (Zvy) = Z D (xlv y) o (Z¢y) 1{x’€X|zje{>e,x’j} Vi<sm}
x'eX

> well-defined even if X xY is infinite

> does not depend on the current problem x



The Belief in an Outcome — Formal Definition
Database D supports prediction y at problem x to degree:
Vopz ()= Y, Cop (2:9) Lisex |picfs i} Viem)

zeX*
Credence in rules is based on observations:
Cop (2,y) = Y. D(2,y) 0 (2,4) Lipex|oicfsati) Vicm)
z'eX

Prediction: define 2, p, on Y by

Y1 Zo,D,z Y2 > V.02 (Y1) 2 Vo D,z (y2)

Very simple model:
(i) Credence C, p is additive in D
(ii) Valuation V; p . is additive in Cy p



Combining the Above & Changing the Order of Summation

VUvaT(y) - Z [ Z D(IE ’y) U(Z y) l{z eX‘zJe{* '} V]<m} {zeX* ‘zje{x—,zj} ngm}
zeX* |x'eX

Z D(m 7y)|: Z O'(Z,y) 1{x’eX‘zjs{>e,x'j} ngm}]‘{zeX* |zde{,xi} Vi<m}

z’eX zeX*

= > D(',y)s(z, (2',y))

z'eX
e (2',y) adds a weight s (z, (z',y)) to the support for y

® s(x,(2',y)) is computed as the sum of o(z,y) over all rules
that

» (2',y) satisfies
> apply in the current problem x
® s(z,(2',y)) measures the similarity of (x,y) to (2',y)
» s(x,(z',y)) =s((z,y),(z',y)) (suppress one y from the notation)

= We can also think of this as case-based reasoning



Changing the Order of Summation

Credence

CO’,D(Z7 y)

Observations
(@',y)

Similarity

s(x, (a:’,y))

Valuation
Va,D,z(y)

Predictions
(z,y)



The Diagram Commutes

Case-to-Rule Induction

Parametric Statistics

Case-to-Case Induction

Non-Parametric Statistics

Predictions




The Similarity Function

The function s ((z,v),(2',v)) is “sophisticated” in two ways:

@ It is defined over entire cases (including the outcome)
» |t does not ask “How similar is the present z to a past 2'?"
» But “How similar is (z,y) to the past observation (z',y)?"
> ... allowing the answer to vary with y

» (more generally, it can also be asked about a different y, too)

@ It is based on the rules that the two cases satisfy

> Thus, it is not about external features of similarity, or

perceptual cues

> It is a result of reasoning



Regarding the weights

® We do not restrict o to be nonnegative
® Allowing disjunctions as well as conjunctions
Example

® Suppose | have a degree of credence a > 0 in the rule:
“If 21 =1 OR 22 =1, then y = 1"

® This could be captured by
0—((1’*)71) 20((*,1),1)261 and O'((l,l),l)Z—CL



Regular o

Definition o is regular if, for every z, 2’ € X and every yeY,

Z U(Zvy) 1{
zeX*

2e{x,al} Vj<m
Ze{xz} ¥Yj<m

(z,9)eR

® The sum is over all (z,y) such that z applies to both = and z’
® For every j <m:
» a2l rad = =
» 2 =gd = 20 e {%, 27}
e |f o is regular, o (z[*],y) > 0 for every y
» Even if y has been observed in a totally different problem, it is
still more likely to be observed now (compared to no obs.)
o Ifo (z[*],y) >0 Vy, and o vanishes on all other rules, then o

is regular



Axioms



Axiomatization — Motivation

® Observables: {*p,}p,onY

We characterize the existence of a regular o : R — R such that

2Da = Zo,De forall D,z
where X, p , is represented by

VU,D,QC (y) = Z CU7D (Z, y) 1{zeX*|zje{>e,xj} Vi<m}
zeX*

® Usual descriptive and normative motivation

® But now this applies also for Al systems:
> If you program a decision aid tool, you could use the model
> If you have a “black box” that does well, you may wish to
interpret it
(In the PhD admission problem: could your deep learning
algorithm be using 27's that are discriminatory?)



Basic Axioms

® Algebraic operations on ID are performed pointwise:

» For D,D'eDand k>0, D+D’'€eD, and kD eD

® suppD ={(z,y) e X xY | D(x,y) > 0}
® P1-P3: basic axioms borrowed from Gilboa-Schmeidler (2003)
P1 Order: For every z € X and D eD, zp, is a weak order on Y

P2 Combination: For every x € X, D, D’ €D and every y;,1y2 € Y,

Y1 Zpa Y2andyi Zpz Y2 = Y1 ZDiD'z Y2

» (And a strict relation if one is strict)



Combination Axiom — Example

If each of D and D’ makes y; more (at least as) likely than ys,

then so will their union:

X X
z' 22 Y 1 9 0 1
0 1 1 v 10

D= D=1 1 1 D+D'=
1 0 1 1 1
1 0 0

1 1 0 1 1

1 0

(In our language union means addition of counter vectors)

S = O = =



P3

Basic Axioms

Archimedeanity: For every z € X, D,D’ €D, and y1,y2 €Y,

Y1>pazYy2 =  thereexists [ € N such that yi > . v2

If D' agrees that 3 is at least as likely as s, this would

already follow from Combination

The point is: even if D" gives us reason to believe in the
opposite ranking, sufficiently many copies of D would

overwhelm D’

Rules out “infinitely more convincing than”



Specificity Axioms

P4 Outcome-Specificity: For every z,2' € X, y,y1,y2 €Y,
YL,Y92FY = YL~ ,yy.e Y2

® A single observation of an outcome y doesn’t lend more

support to one y; # y than to another yo # ¥y
® Vacuously true in the binary case
® To be relaxed if we endow Y with some proximity relation
P5 Non-Triviality: For every z,2" € X, y,y1 €Y,
ViFY = Y 1z YL

® A single observation of an outcome y makes it strictly more
likely than any other outcome y; # y



The Key Axiom

P6 Feature-Specificity: Let there be z,Z € X, D,f) eD, and
j <m, such that:
(i) 79 =279 and D = DI
(i) o7 # 27 for every (z',y) in suppD
(iii) &7 # &' for every (&',y') in suppD

> = >
Then, 2p 2p s

® |n words: If we have a problem x and a database D, such
that, for a given j < m, all observations in D differ from 27
then we can change the j value in x and in D, while retaining

this property, without changing the order on Y



The Key Axiom: Example

® If all past observations are not equal to the current value on
feature j, it does not matter what they are not equal to

Y Y
0 1 1 - 0 O 1
_D = D:
1 1 1 1 0 1
1 1 0 1 0 0
r = (170) i‘:(lvl)
° P6=>ZD,x=Zﬁ£

® This is the first axiom to use the structure of = as (:cl, - xm)

® And the only one to relate 2p , across different z's



Main Result

Theorem

Let there be given X =[] XJ,Y, and {2D2}p , as above. Then
the following two statements are equivalent:

(i) {xpx}p, satisfy P1-P6
(i) There exists a regular o : R - R such that p ; = %5, p.x for
everyrxe X, DeD

Moreover, if both o and o’ satisfy (ii), then there exists A > 0 such
that o' (2,y) = Ao (z,y) for every (z,y) € R



Generalizations



Generalizations — Overview
@ Rules providing support to a range of y's (‘around’ the
observed y)

> This requires relaxing P4 (Outcome Specificity)

® Rules applying to a range of values of z's
> Say, “If 2! €[2.9,3.1] and 2 <10 then y=1"
» This requires relaxing P6 (Feature Specificity)

© ...Dropping both P4 and P6 brings us back to general
case-based reasoning
O Not all past observations might be relevant to problem x

> Need to weaken P5

> Plus a new axiom in the spirit of P6



Asymptotic Learning

® Assume:
> Finite X
> We observe a sequence of problems (z1,x2, ..., x4, ...)

> 1z, is selected in an i.i.d. manner, following a uniform
distribution p on X with full support: mingcx p(x) =¢>0

= f!X—>YS.t. yt:f(xt) Vit
® Can we learn the functional relationship?

® We can obtain learning by an appropriate choice of o
® |et more specific rules weigh more than less specific ones
» Each o(z,y) depends only on the size of the support of z

= There are numbers (o, ...,0,,) such that, ¥V (z,y) € R,

g (Za y) = Osuppz



A Learning Result

Fact: Assume that

Then, with probability 1, for each x € X, there exists T" such that,

Vt> T, the unique maximizer of V, p ., () isy = f (z)

For each x, the rule (z, f(x)) is reinforced by o,, every time
x is observed

No other rule with full support (z,y") gets a credence increase
The above ensures o(x, f(x)) outweighs the weights of other
rules with smaller support

It also works with 0, =1 and g; =0 for i <m

But on the way to infinity it may be worthwhile to use some

rules that are less specific



Behavioral Applications?

® Failures of Backward Induction

> Repeated PD
> Centipede

® These can be examples in which players in the game believe in
simple rules that seem to work

» Such as “If | cooperate, my opponent cooperates in the next
round”

> Which seems to get additional support as the game play
progresses

» Until it can be violated by a player doing something else (close
to the end?)



Conclusions

We provide an intuitive model of association rules

The case-based/rule-based diagram commutes because:

> the weights o's assigned to rules are additive in the number of
observations, and

> the support for a given prediction is additive in the rules’
weights
Additivity is surely restrictive

> Best when past observations are causally independent

Many rule-based methods do not commute (cf. OLS)

Second-order learning is not allowed in our model (learning
the “correct” o from the database, too)



1. Rules supporting several predictions

Let Y be large (continuous)
One observed value 3’ may lend support to other y # 3/
Example: “If z' =1 and 23 = 0, then ¢/ = 7.03"

This rule will be activated only if the database contains
observations of the type ((1,*,0),7.03)...

...However, it stands to reason that not only ¢’ = 7.03, but

also close y's will be deemed more likely

We allow for a rule to predict various values y



1. Rules supporting several predictions

® Extend the set of rulesto R = X* xY xY

e Interpret (z,3',y) € R as

If 2 holds, ¥’ is the most likely prediction, but ¥ is also possible
e o:R — R takes into account both y' and y

® Given o and D, define the credence function as:

CU,D (273/,73/) = Z D ([I;Ia y,) o (z,y',y) l{m’eX|zje{x-,m’j} Vj<m}
x’eX

® Support that D yields to prediction y at problem z is:

Wop.(y) = Z Co.p (z,y',y) L oex|ziefsai} Vjsm)
(z,y")eX*xY
e Now,

Woepa ()= > D(,y)s((zy), (@ y))
(&5 )eXxY



1. Rules supporting several predictions

® This requires relaxing P4 (Outcome Specificity)

P7 Diversity: For every list (y1,¥y2,ys3,y4) of distinct elements of
Y there exists D € D such that y1 >p o Y2 >p .z Y3 >D o Ya. If
|Y'| < 4, then for any strict ordering of the elements of Y there
exists D €D such that >p , is that ordering

e o is diversified if s: (X x Y)? - R defined by
B ((x7 y) 9 (x’7 y,)) = VO’,l{(zlwl)},l' (y)

is a diversified matrix (no row is weakly dominated by an

affine combination of three other rows)

® 0 is monotone if, for every (z,z’,y"), Vj, 2 (+) has a

L@y
unique maximizer at g’



1. Rules supporting several predictions

Theorem

Let there be given X =[1X7,Y, and {xp 4}, , as above. Then
the following two statements are equivalent:

(i) {*pa}p, satisfy P1-P3,P5-P7

(i) There exists a regular, diversified, and monotone o : R - R
such that Xp =%, p., for every x € X, D e D

Moreover, if both o and o’ satisfy (ii), then there exists A > 0 such

that o' (2,y',y) = Ao (2,9, y) for every rule (z,y',y)



2. Rules supporting several values of x's

Example: “If the temperature is 100° C, the water boils” may be

used for prediction also if the temperature is close to 100° C

Endow X7 with an equivalence relation ~/
Baseline: z applies at z iff either 27 = + or 2/ ~7 27 Vj
Here: we allow z to apply at = to a continuous degree

By dropping P6, we obtain:
VD,CE (y) = z D (33',, y) S (QZ’, (xlay))
z'eX
fors: X x(XxY)->R



Back to Case-Based Reasoning

By imposing P1-P3 and P7, we can derive:

Vona ()= Y. D(2,y)s((z,9),(2",y))
(z',y")eXxY

for s: (X xY)? >R

Think of the extra axioms (P4-P5-P6) as specifications to
make case-based predictions also rule-based



Appendix



Proof’s Main Steps

P1-P5 < there exists s: X x (X xY) > Ry, s. t.
VD,:L" (y) = Z D (ZL',, y) § (.CL‘, (xlyy))
r'eX
P5 ensures that s(-, (+,-)) >0

Consider X = {(A,z4) |Ac{l,...,m},z1€ [] X’}
jeA

P6 <> there exist 7: X x Y — R and positive {fi;}zex s. t.
s(:c,(:z’,y)):uxr((A,xA),y) for A={j<m|a’ =2"}



Proof’s Main Steps

For each x, zp; is represented by

Vpa(y) = >, D(2',y)m(A,a"),y) for A={j<ml|a! =2}
z'eX

Take the Moebius transform: given 7, there exists a unique

:X xY — R such that, for every Ac {1,...,m},

(4,27 ,9) = ¥ ((B.2").y)

BcA

and it is given by

5 ((B,27).v) = 32 ()7 ((C.2%).0)

CcB
Define 0: R - R as J(z,y) = 5’((B,$B) ,Y) Where
B =supp(z) and (xB)J =2

P5 implies that o is regular



A Zero-Relevance Variant

Relax the assumption that every past observation (z’,y) is

relevant to every current problem x

E.g.: consider the union of two databases that originate from
different bodies of knowledge, and a reasoner who is faced

with problems from one of these domains

Then, observations from one domain will be completely
irrelevant to prediction problems from the other domain

Need to weaken P5

The price is twofold: need to add another axiom + weaker

uniqueness result



A Zero-Relevance Variant

Definition
A function o is weakly-regular if, for every (x,y) € X xY,
Z 4 (Z, y) 1{zEX*|zje{x-,wj} Vism} 2 0
(zy)eR

® Equivalent to Regularity when applied only to 2’ =

P5* Weak Non-Triviality: For every x € X, y,y1 €Y, if y1 #,
then y>1, oy
® Equivalent to P5 when restricted to the case 2’ = x
= Case-based representation holds, only with weaker conditions

on the positivity of s



A Zero-Relevance Variant

Proposition
Let there be given X =[1 X7, Y, and {*p2}p,- Then the
following two statements are equivalent:

(i) {*pa}p, satisfy P1-P5*

(ii) There exists s : X x (X xY) - R with s (z, (z,y)) >0 for all
(z,y) € X xY, such that, forevery x € X, DeD,y,y' €Y

Y XD,z y, — VD,x (y) 2 VD,a: (y,)
where
Vb (y)= Y. D(«',y)s(x, (z',y))
x'eX
Moreover, for every x, s (x,-) is unique up to multiplication by a

positive number.



A Zero-Relevance Variant

P8 Intra-Problem Feature-Specificity: Let there be z,2',2" € X,
yeY, D' D" €D, such that

* D'(a',y)=D"(a",y) and D' (2",y) = D" (a',y)
o forevery j, 2" =2/ iff 'V = 2
* D'(&,9)=D"(2,9) forall (2,9) # (2',y), (2", y)

Then, XD/ x=%D"x



A Zero-Relevance Variant

Theorem
Let there be given X =[1 X7, Y, and {xpx}p, as above. Then
the following two statements are equivalent:
(i) {zpw}p, satisfy P1-P4,P5%,P6, and P8
(ii) There exists a weakly-regular o : R — R such that
ZDz=%0,D,x foreveryx € X, DeD
Moreover, if both o and o’ satisfy (ii), then for every x € X there

exists Ay > 0 such that o' (z,y) = A\yo (z,y) for every rule (z,y)
such that z applies at x



